OHSTPY-HEP-T-01-019 
[hii)-th/0109154 



AdS / CFT duality and the black hole information 

paradox 



Oleg Lunin and Samir D. Mathur 

Department of Physics, 
The Ohio State University, 
Columbus, OH 43210, USA 



Abstract 

Near-extremal black holes are obtained by exciting the Ramond sector of the 
D1-D5 CFT, where the ground state is highly degenerate. We find that the dual 
geometries for these ground states have throats that end in a way that is character- 
ized by the CFT state. Below the black hole threshold we find a detailed agreement 
between propagation in the throat and excitations of the CFT. We study the break- 
down of the semiclassical approximation and relate the results to the proposal of 



gr-qc/0007011 for resolving the information paradox: semiclassical evolution breaks 
down if hypersurfaces stretch too much during an evolution. We find that a volume 
V stretches to a maximum throat depth of V/2G. 
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1 Introduction. 



One of the most puzzling paradoxes in physics is the black hole information paradox. 
When black holes form and evaporate, the Hawking radiation appears to be correctly 
given by a semiclassical calculation, but the radiation so computed destroys unitarity and 
thus violates the principles of quantum mechanics. String theory has made substantial 
progress in understanding the quantum physics of black holes, and its results suggest 
very strongly that the evaporation process maintains unitarity (see for example [|l], § 
and references therein). But there is no clear understanding of the mechanism by which 
the information manages to leak out of the black hole via the radiation. 

The essential strength of the information paradox lies in the fact that Hawking's 
semiclassical calculation of the radiation is independent of any details of quantum grav- 
ity at small scales 0. Thus even though we find in string theory many perturbative 
and nonperturbative quantum gravity effects at the Planck scale and string scale, it is 
unclear how to use them to effect the information transfer. It is plausible that the effects 
that correct the semiclassical computation are nonlocal, and finding them will involve 
fundamental changes in our understanding of when semiclassical gravity is valid. 

We will work with the D1-D5 system. For this case the microscopic entropy and 
low energy radiation rates agree with the Bekenstein entropy and Hawking radiation of 
the corresponding black hole, including numerical factors [^, |, |^, 0. Such agreements 
contributed to Maldacena's remarkable conjecture that the CFT describing the the 
brane system is dual to the near horizon geometry produced by the branes. Though 
this AdS/CFT correspondence has been extensively studied, most of the analysis has 
pertained to the Neveu-Schwarz (NS) sector of the CFT, while the black holes in asymp- 
totically flat spacetime arise in the Ramond (R) sector |10|. (We will discuss this 



further below.) The ground state in the NS sector is unique, but in the R sector the 
ground state has a large degeneracy, so that a large number of microstates appear to 
correspond to the same geometry. This fact is not just a technical complication but an 
essential issue, since similar degeneracies yield the Bekenstein entropy of black holes. 

In this paper we will analyze the AdS/CFT correspondence in the R sector. We 
find several agreements between microscopic quantities computed in the CFT (which 
we take to be a sigma model at the orbifold point) and the corresponding supergravity 
computations. The length scales emerging in these relations are quite different from those 
that are relevant for the analysis in the NS sector. The results indicate the way in which 
the semiclassical approximation may break down in string theory to allow information 
leakage in Hawking radiation. 



1.1 Review of some basic issues 

Consider first the classical geometry of Dl and D5 branes with no momentum charge and 
no angular momentum. At r ^ cxd the geometry is flat, while at small r the geometry is 
locally AdSs x x M where the 4-manifold M is or K3. We have a horizon at r = 0, 
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and the part of AdS^ covered by the geometry is one 'Poincare patch'. The direction 
y along the Dl-branes is compactified on a circle of radius R when we wish to make a 
black hole in 5 dimensions, and this creates a periodic identification of points in the AdS 
space. 

When we attempt to apply the AdS/CFT correspondence conjecture to this D1-D5 
geometry we encounter several important questions: 

(a) The Poincare patch of the AdS geometry smoothly extends past the horizon 
r = to the entire 'global AdS' spacetime. The complete geometry thus obtained has 



more than one asymptotically flat region ||rT|. But it appears strange if new spatial 



infinities could be created just by bringing together a (large but finite) number of branes 
in a normal spacetime with one asymptotic infinity. 

One may argue that the semiclassical Poincare patch geometry stops short of the 
horizon r = because the identification y —>■ y + 2'kR relates points that are closer and 
closer together as r — 0. But this leads to the question: what is the effective value of 
r where we should end the geometry, and what happens when an incident wave reaches 
this value of r? One may naively think that the critical value of r would correspond to 
the length of the y circle becoming order string length or Planck length. It was argued 



however in [|12| that the geometry ends much further down the 'throat', and that the 
truncation of the throat is to be traced to the existence of nonzero angular momentum 
in the CFT state. We will discuss this issue in more detail in this paper. 

(b) The D1-D5 bound state has a large degeneracy; the number of ground states is 
~ Q^^'^VrCrn^ ^ where rii and give the number of Dl and D5 branes. The metric of the 
Poincare patch appears to be the same for all these states. This is of course a version of 
the standard 'black holes have no hair' problem. One could try to argue that the branes 
sit at r ~ and thus carry information about the microstate. But this would contradict 
our expectation from the AdS/CFT duality: the duality suggests that the entire AdS 
region is already a dual description of the state of the branes, and we should not find 
the branes to be present at the end of the 'throat'. (We will in fact argue below that no 
branes need be included at the end of the throat; rather the way that the throat ends 
characterizes the microstate.) 

The difference between NS and R sectors. 



The initial proposal by Maldacena of the AdS / CFT correspondence was motivated 
partly by results on black holes, and pertained to the near horizon geometry produced 
by branes in asymptotically flat spacetime. When we wrap Dl, D5 branes on a circle y 
in spacetime, then the behavior of the fermions in the CFT is induced from the behavior 
of fermionic fields in the bulk. Since the supergravity in the bulk has fermions periodic 
around the D1-D5 CFT also has fermions that are periodic around the y circle, so the 
CFT is in the R sector. (If we put the fermions in the bulk supergravity to be antiperiodic 
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around y then the vacuum energy is nonzero, and flat spacetime ceases to be a solution. 
Since we want asymptotically flat spacetime, we will not consider this situation.) 

The proposal in 0] did not however give an explicit way to relate correlators via 
the duality. The map of chiral operators and correlators was carried out by Gubser, 
Klebanov, Polyakov and by Witten |T^. Let us analyze these and other approaches 
to AdS correlators, keeping in mind that we are interested in the following essential 
physics. A wave traveling towards r = becomes one of shorter and shorter wavelength, 
due to the redshift between inflnity and the small r region. The wave does not reflect 
back to larger r unless we have some explicit modiflcation to the physics of the 'throat'. 
This monotonic infall of an incident quantum to the horizon is an essential aspect of 
the black hole problem; the particle itself does not appear to return but the deformation 
it creates in the geometry causes Hawking radiation to be emitted, and this radiation 
appears to carry no information about the infalling quantum. 

In the analysis of Witten the AdS space was rotated to Euclidean signature. 
This causes the Poincare patch to become a smooth space with no singularity at r = 0. 
However at the same time we lose the physics of the horizon; we cannot have traveling 
waves in Euclidean signature, nor do we have the accumulation of wavefronts near r = 
that signals the infall of the particle to the horizon. The situation is similar to rotating 
a black hole geometry to Euclidean signature: we get only the space outside the horizon, 
and the geometry is smooth at the location r = rhorizon- But with such a rotated geometry 
we cannot address the question of what happens to quanta that fall into the hole. 

In |jl3| correlation functions were computed in the Poincare patch arising from the 
near horizon geometry of branes. The correlators were however computed for spacelike 
momenta > 0. The wavefunction in this case has a growing part and a decaying part 
at r = 0, and the growing part was set to zero to solve for the Green's function. But 
real infalling particles have timelike or null momenta. The waveform is then oscillatory 
near r = 0, and we have no natural way to relate the ingoing and outgoing parts of the 
wave. (If we just drop the outgoing part, then we have particles being swallowed into 
the horizon, and we cannot make a Green's function at the AdS boundary by using the 
propagator.) 

Correlation functions have also been computed in the AdS geometry with Lorentzian 
signature and with arbitrary momenta, but in these calculations the spacetime was ex- 
tended to the 'global AdS' space past r = |]15|. To relate computations with this 
global AdS to the black hole question that we started with, we would have to connect 
the global AdS to asymptotically flat spacetime. It is unclear how this is to be done, 
especially if we wish to avoid the appearance of new asymptotically flat regions. As was 
mentioned above, it would be strange if matter falling onto the branes were to move 
smoothly through r = and emerge in a new asymptotically flat region, since we could 
make the brane geometry by gathering together branes in a spacetime which started with 
only one asymptotic inflnity. 

Thus we see that we cannot directly use any of the usual ways of computing correlators 
in the AdS/CFT correspondence to understand how information may return (as Hawking 
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radiation) after we throw some energy into the throat of the D1-D5 brane geometry. As 
mentioned before the difficulty is not just a technical issue, but rather the fact that if 
we could set up AdS correlators in a supergravity geometry that pertains to a black 
hole then we would directly observe information emerging in Hawking radiation. But 
extensive work with supergravity solutions have shown that we cannot get such a simple 
resolution of the black hole information problem; further the emerging Hawking radiation 
is a complicated multi-particle state even for a single high energy incident particle, so 
it makes sense that we are unable to compute simple 2-point functions in AdS that 
correspond to returning a particle from r = 0. 

To address the black hole information problem we need to work in the R sector of the 
CFT, with Lorentzian signature, an asymptotically flat infinity, and with quanta that 
have timelike or null momenta. The global AdS geometry corresponds to the NS sector 
of the CFT; we must instead use the Poincare patch and try to resolve the physics at 
r = 0. Changing any of these conditions bypasses the information problem, even though 
we may get interesting AdS/CFT correspondence theorems. 



1.2 Results 

(A) We start by listing the R ground states of the D1-D5 CFT. These states may be 
represented pictorially in terms of the 'effective string', which has total winding number 
riins = around the y circle. In a generic state the effective string is broken up into a 
number m of 'component strings'; each component string is wrapped rij times around y 
before closing on itself, and X^i '^i = N . 

Naively, the geometry of the D1-D5 supergravity solution appears to have a uniform 
throat (in the sense that that angular S'^ asymptotes to a constant radius), all the way 
down to a horizon at r = 0. We find however that the throat ends at some point before 
r = 0. There is a singularity at the end of the throat characterized by a curve in 4-d 
space. The location and shape of this curve mirrors the CFT microstate. In the special 
case that the curve is a circle we recover the metrics of [0. 



(B) If the throat extended all the way down to r = then throwing even an in- 
finitesimal energy into the throat would lead to horizon formation at some value of r. 
Since the throat is actually finite, there is an energy scale AEthreshoid below which we 
can study matter quanta moving in the throat without formation of a horizon (this is 
the 'hot tube' studied in |T^). 

Below the threshold of black hole formation AEthreshoid we construct a detailed map 
between the throat geometry and the dual CFT effective string. A quantum placed in 
the throat bounces several times up and down the throat before escaping to infinity; let 
the time for each bounce be AtsuGRA- In the dual CFT this quantum is represented by 
a set of left and a set of right movers on the effective string; these vibration modes travel 



around the string and meet each other at intervals Ate ft- For the special metrics of ||T6 
we can separate the wave equation and obtain AtsuGRA precisely [0. We find 
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(i) Ate FT — AtsUGRA 

(ii) The probability per unit time for the quantum to escape from the supergravity 
throat exactly equals the probability per unit time for the vibration modes on the effective 
string to collide and emerge as a graviton. 

We then proceed to argue that even though we cannot solve the wave equation for a 
general microstate, we still get AtcpT ~ AtsuGRA for all microstates. 

Note that the scale AtsuGRA is much larger than the radius of the AdS^ which appears 



in AdS /CFT computations of correlation functions performed in the NS sector |]T3|, |14, 
p!7| ; thus we are probing a different set of quantities than are usually studied with the 
duality. Also note that in comparing emission rates we are using explicitly the part of 
spacetime that joins the near horizon geometry to flat space. 

(C) In setting up the map between quanta in the supergravity throat and vibration 
modes of the CFT component strings we find the following: the naive map breaks down 
if we are forced to put more than one set of vibration modes on the same component 
string. In general the CFT state has several component strings, and we can thus describe 
several quanta in the supergravity throat. Interestingly, when we put enough quanta that 
we would run out of component strings in the CFT, we find on the supergravity side that 
we reach the threshold AEthreshoid for black hole formation. 

At this point we note a close similarity of these results with a conjecture made in 



18| . In |T8[ it was argued that to resolve the black hole information paradox we need 
spacetime to have the following property: semiclassical propagation on the spacetime 
breaks down if during the course of evolution an initial slice in a foliation is stretched 
beyond a certain length. Thus spacelike slices need to be endowed not only with their 
intrinsic geometry but also with a 'density of degrees of freedom'; if the stretching dilutes 
these degrees too much then nonlocal effects spoil the usual evolution equation. 

We find that the number of component strings in the CFT state act like the density of 
degrees of freedom for the dual throat geometry - when space is stretched to give longer 
throats we also have fewer component strings. We characterize the 'stretch' of a volume 
V by the time At to travel down and back up the throat. We then find the relation 



V 



2 R ground states in the CFT and dual metrics for 
a special family 

2.1 The states in the CFT 

We consider the bound states of ni Dl branes and D5 branes in IIB string theory. We 

set 

N = nirig (2.1) 
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The D5 branes are wrapped on a 4-manifold M, and thus appear as effective strings in 
the remaining 6 spacetime dimensions. M can be or K3. The Dl branes and the 
effective strings from the D5 branes extend along a common spatial direction X5 = y, 
and y is compactified on a circle of length 27ri?. The low energy dynamics of this system 
is a N=(4,4) supersymmetric 1+1 dimensional conformal field theory (CFT). The CFT 
has an internal R-symmetry SU{2)l x SU{2)r ^ 5*0(4). This symmetry arises from the 
rotational symmetry of the brane configuration in the noncompact spatial directions Xi, 
X2, X3, X4. The group SU{2)l is carried by the left movers in the CFT and the group 
SU{2)fi is carried by the right movers. 



Consider this CFT at the 'orbifold point' [|1|, |g, |T|, |g, |3[. Then the CFT is a 1+1 
dimensional sigma model where the target space is the orbifold M'^ /S^, the symmetric 
product of copies of the 4-manifold M. We are interested in the R sector ground states 
of this system (these will be states with no left or right moving excitations). 

These R ground states can be obtained by first finding all the chiral primary fields in 
the NS sector, which are states with h = j^, h = j^. Spectral flow then maps these chiral 
primaries to ground states of the R sector. Spectral flow acts independently on the left 
and right movers, in the following way 

c 

24 

(2.2) 

The R ground states all have h 



= 




■NS 
J3 




■NS 


C 


= 




" 12 


= h = 


c 

24- 





2.1.1 Chiral primaries in the NS sector. 

The /S'^ orbifold CFT and its states can be understood in the following way. We 
take N copies of the supersymmetric c = 6 CFT which arises from the sigma model with 
target space M. The vacuum of the theory is just the product of the vacuum in each 



copy of the CFT. In the orbifold theory we find twist operators ct„ [^, The copies 
1, 2, ... n of the CFT permute cyclically into each other l—>-2— >n^l as we 
circle the point of insertion of (T„. (The other copies are not touched, and we ignore them 
for the moment.) In this given twist sector there are operators with various values of J3, 
but we are interested in those that are chiral operators. The chiral operator in this twist 



sector with lowest dimension and charge is termed (t,„ p6[ and has 



n — l--n— 1 

h = js = ^, h = js = ^ (2.3) 

Each copy of the CFT has the SU(2) currents J*^*)", J^*^", where the index i labels the 
copies. Define 

n n 

r = Y, J^^\ J'' = T. J^^'' (2-4) 

i=l i=l 
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Then we can make three additional chiral primaries from a : 



2 ' 2 

(^n = J-l<^n , = J3 = , = J3 = 

= ^Wn-, /^ = J3 = ^, /^=j3 = ^ (2.5) 

The chiral primaries a~~ , , , a^'^ correspond respectively to the (0,0), (2,0), 
(0, 2), (2, 2) forms from the cohomology of M. Both and K3 have one form of each of 
these degrees. We will not consider the chiral primaries arising from the other forms on 
M; this will not affect the nature of the arguments that we wish to present. 

The operator crj~~ is just the identity operator in one copy of the c = 6 CFT. Thus 
for the complete CFT made from N copies we can write the above chiral operators as 

^^^[^rf-'' (2.6) 

It is understood here that we must symmetrize the above expression among all permu- 
tations of the copies of the CFT; we will not explicitly mention this symmetrization 
in what follows. 

More generally we can make the chiral operators 

n[<fr% j:n,m, = N (2.7) 

i=l 1=1 

where Sj, Si can be +, — . This gives the complete set of chiral primaries that result if we 
restrict ourselves to the above mentioned cohomology of M. 

2.1.2 Ground states in the R sector. 

In the state ( p.7| ) the copies of the c = 6 CFT are naturally grouped into subsets of 
size Hi. The operation of spectral flow proceeds independently in each such subset. Thus 
consider a subset corresponding to the n copies linked by a twist a*'"*. For this subset we 
have c = 6n in the spectral flow relations ( p.2|) . After the flow we get the charges 

a, 

cr, 

a, 

cr. 

In fact these 4 operators, after flowing to the R sector, join up to form a representation 
of SU{2)l X SU{2)r with (j, J) = (|, \). This can be seen by noting that J^i in the NS 
sector flows to Jq in the R sector. 
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- 3i = 


1 

~2' 


jT = 


1 

~2 




.+- 
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- Ji = 


1 

2' 


3f = 


1 

~2 
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- j! = 


1 

"2' 


3f = 


1 
2 




■++ 
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- ji = 
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2' 


J^ = 


1 
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(2 
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Figure 1: (a) The state with one component string wrapped nin^ times around the 
direction y; (b) A generic state with several component strings. The arrows indicate 
the spins of the component strings. 



This treatment of each separate cx^'* would complete our treatment of the R ground 
state except for the fact that when we have more than one copy of the same operator 
then we must take only the symmetric combination of the different copies. Thus consider 
the set of chiral primaries (|2.7|) where the twist sector n occurs a total of m times, and 
concentrate attention on the nm copies of the c = 6 CFT that are involved in these 
operators. 

In the absence of symmetrization we would have, after flowing to the R sector, spin 
values {j,j) = (|, |) from each set ( |2.8| ), and we would add the spins according to the 
rules for SU(2) independently in the left and right SU(2)s. The symmetrization has the 
effect of giving, in the R sector, only the states with equal values of Jl and Jr. 

1, . . . , 0; m even, 

1,...,^; modd. (2.9) 

(The values of range independently from —j to j.) 

2.1.3 Pictorial description of R ground states. 

The twist operator o"^'* joins all copies of the c = 6 CFT into one copy of the 
c = 6 CFT (on an N times longer spatial circle). We depict the corresponding R ground 
state pictorially in figure |] (a); we have a 'multiwound' string wrapped = nin^ times 
around the y circle. A generic state of the form ( p.7| ) is pictured in figure |l](b); there are 
k 'component strings', with the ith string wrapped rij times around the y circle. 

Each component string carries spin {jL,jR) = 1), which we have depicted by the 
arrows on the component strings. We get a particularly simple set of geometries if all 
the spins are aligned (these geometries will be reviewed in the subsection below), but 
we will need to consider general spin orientations to address the physics of the generic 
microstate. 



j 



rn rn 

2"' ~2 

m m 

2"' ~2 



9 



2.2 A special family of metrics for the D1-D5 system 



Let us recall the physics of a special family of metrics for the D1-D5 system; these 

p!6| , [T2| . We will see in the next section that these special 



metrics were studied in 

metrics correspond to CFT states arising from chiral primaries [a 



N/m\ 



i.e., we have 



many component strings of equal length, and their spins are all aligned. The Dl and D5 
charges are Qi-,Q^ respectively, and the angular momentum is specified by a parameter 
a. The 10-D metric and other supergravity fields are given in Appendix but for the 
most part we will need only the 6-D Einstein metric obtained by dimensional reduction 
on the 4-manifold M: 



hf 



cos^ Odydip + sin^ Odtdcj) 



+ h 



^2 _^ 



a^QiQb cos^ 9' 



cos^ 6'#^ + + - 



a'^QiQ^sin^ 9' 



sm 



where 



/ 



cos^ 9, h 




nl/2 



(2.10) 



(2.11) 



This geometry is flat at spatial infinity. The direction y is assumed to be compactified 
on a circle of radius R. The size of the in the variables 9, 0, ip settles down to a constant 
for a -C r -C (QiQs)^''^, so we term the region r < (QiQs)^''^ as a 'throat'. Note however 
that since the y circle shrinks as r decreases, we will not in fact get a uniform throat if we 
dimensionally reduce along y and look at the 5-D Einstein metric. Thus we do not have 
a throat in the same sense as we get for the Dl-D5-momentum system, but we continue 
to use the term 'throat' since it conveys the constancy of the radius. The start of the 
throat is at r ~ {QiQ^Y^^, but it is important that the throat is 'capped off' at r ~ a: 
the geometry ends smoothly except for a singularity on the curve r = 0,6* = it/ 2. 

Consider the massless scalar wave equation in the above metric. We can write the 
anzatz 

$(t, r, 9, 0, ip, y) = exp{-iLut + imcj) + inil) + iXy)^{r, 9). (2.12) 

It turns out however that there is an additional hidden symmetry in the metric, and 
there is a further separation between r and 9 [P7|. 



In [12 1 the following process was studied. We start with a quantum of this scalar field 
at spatial infinity, sent in towards r = 0. Let the wavelength uj~^ be much larger than 
the length scale {QiQ^Y^^ ■ Then most of the waveform reflects back to infinity from the 
start of the throat, but there is a small probability P for the quantum to enter the throat 



12 



P = 47r2 



16 





1 




_(/ + l)!/!_ 



(2.13) 



where / specifies the spherical harmonic of the wave. 
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The part of the wave which enters the throat travels to r = 0, where it reflects 
back; we find naturally reflecting boundary conditions at the singularity. When the wave 
reaches back to the start of the throat we again have the same probability P that the 
quantum will escape to infinity, while the probability is 1 — P ~ 1 that it will reflect back 
into the throat. Thus the quantum travels several times in the throat before escaping. 
We can find the time for traveling once up and down the throat by looking at the phase 
shift between successive wavepackets emerging from the throat. This time is 



At = ^^9^. (2.14) 
a 

The parameter a is related to the angular momentum of the geometry as follows. The 
rotation group on the noncompact spatial directions is 5*0(4) ~ SU{2) x SU{2). The 
value of j in each SU{2) factor is the same, and it can be an integer or half integer. We 
have 



2j VQIQl 



(2.15) 



Following []T6| we set 

7 = ^ (2.16) 

The maximum value of j is ^^^^^ , so the maximum value of 7 is unity. 
Substituting (|2.15|) in ( p.l4|) we get 



At = ^ (2.17) 

7 



3 CFT states and their dual supergravity throats 



3.1 Microscopic model used for black hole absorption compu- 
tations. 

We have seen in the past that absorption cross sections for D1-D5 black holes can be 
reproduced, including numerical factors, by the computation of absorption into the corre- 
sponding microstate. Let us briefly recall the nature of these microscopic computations. 

The microststate was described by an 'effective string' wound = nin^ times around 
a circle; this circle is in the direction = y and has length 2nR. Among the various 
supergravity quanta that can be considered, the simplest are the s-wave (/ = 0) modes 
of minimally coupled scalars. Let the compact 4- manifold M be T^, spanned by the 
coordinates X6,X7,X8,X9. Then the fluctuation h^i is an example of such a minimally 
coupled scalar, and we will use it for illustration in what follows. 

When an incident quantum h^f encounters the effective string, its energy can get 
converted to that of vibrations of the string At low energies, the dominant pro- 



cess is the absorption of the s-wave, and this creates one left moving vibration quantum 
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and one right moving vibration quantum on the string. The incident quantum has an 
energy cj, and its momentum hes only in the noncompact directions Xi, x^^ X4. The 
vibrations of the string have momenta along X5, and thus the energy momentum vectors 
are respectively for the left moving quantum and the right moving quantum 

{po = uj/2,p5 = -Lj/2) and {po = uj/2,p5 = uj/2) (3.1) 

Further, one of these vibrations is polarized in the direction xq and the other is polarized 
in the direction X7. The graviton in fact corresponds to the symmetric combination 

^67 i\^6)L X \x7)r + \x7)l X \xe) r) (3.2) 

(The antisymmetric combination corresponds to absorption of the Ramond-Ramond 2- 
form B^^.) 

The amplitude for this absorption was computed in ^ from the action for the 
effective string coupled to gravity. It was found that such a calculation with the effective 
string gave the same absorption cross section as that for absorption of low energy s-wave 



minimally coupled scalars into the Dl-D5-momentum black hole. In |^ it was noted that 
this agreement persisted even if we do not have a large momentum charge, and in fact was 
also true to higher orders in the energy of the scalar as long as the Dl and D5 charges 
were kept large. This indicates that the simplest system that captures the effective 
physics would be the D1-D5 system with no momentum excitations; any momentum 
charge would be considered one of the possible excitations of our starting configuration. 
We will thus work with states of the D1-D5 system with no net momentum charge in 
this paper. 



3.2 Time delay and its microscopic interpretation. 

Let us first consider the state in the R sector that results from spectral flow of the 
chiral primaries 

(7%' (3.3) 

In this case the twist operator joins together all = nin^ strands of the effective string 
into one single 'multiply wound' strand, which was drawn schematically in figure |I|(a). 

This state corresponds to the string configuration used in [^, H, 0, ^ in the study of 
black hole entropy and absorption. In our present considerations we will be also interested 
in the spin of this effective string. As discussed in the previous section, the variables s, s 
take the values ±|, and in the R sector the effective string forms a multiplet with 

JL =3r = ^ (3.4) 

To study the picture of absorption by this effective string we have redrawn in figure ^ the 
string 'opened up' into a large circle; the length of this circle is 2TTRnin^. The incident 



12 



(a) (b) (c) 

Figure 2: (a) A graviton is incident on the component string; (b) The graviton is 
converted to a pair of vibration modes; (c) The vibration modes meet again at B. 

graviton /ig? breaks up into a pair of vibration modes at the point marked A. Since the 
graviton had no momentum along the direction X5 = y, the amphtude for this process is 
the same for any position of the point A along the string. The wavefunction of the two 
vibration quanta is thus of the form 

= -^2) (3.5) 

Here 1/1,1/2 are the coordinates of the left moving and right moving vibration modes on 
the effective string; thus < j/j < 2T:Rnin^ in the present example. (We can think of 
these modes as massless open string states traveling along the effective string, and then 
?/i, ?/2 are the locations of the these open strings.) The modes travel in opposite directions 
at the speed of light f = c = 1, and encounter each other again at the point B which 
is halfway along the effective string. The time interval between the start at A and the 
meeting at B is 

27TRnin^ 

^tcFT = = TiRnin^ (3.6) 

As we will see below, there is only a small chance that the modes interact and re-emerge 
as a graviton at the point B. If they do not interact to leave the effective string, then 
they travel around again and re-encounter each other at the point A, after a further time 

As mentioned already there is nothing special about the points A, B on the string, 
since the center of mass of the two vibration modes is uniformly smeared over the string. 
The only physical quantity therefore is the time between successive encounters of the 
modes (not the place where they interact), and this time is given by (|3.6| ). 

Now let us look at the supergravity background corresponding to this R sector state. 
As summarized in the last section, the D1-D5 geometry with angular momentum ji = 
jR = j has a throat terminating after a certain distance. If a quantum of a minimally 
coupled scalar is incident from infinity, then there is a small probability that it enters 
the throat. If it does enter the throat, then it travels to the end where it reflects back 
and travels again to the start of the throat. Since the probability to enter the throat was 
small, the probability to leave the throat is also small, since these two probabilities are 
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equal. Thus the quantum travels several times up and down the throat before exiting 
the throat back to spatial infinity. The time for traveling once down the throat and back 
was computed in and is given by (eqn. (|2.17|) ) 



AtsuGRA = — = — — — = rmin^R (3.7) 
7 2j 

where we have used the fact that we have j = \- 

This time AtsuGBA exactly equals the time Ate ft found in the microscopic compu- 



tation in ( p.6|) above. 



The essential idea of the AdS/CFT correspondence then yields the following picture: 

(i) The effective string is dual to the throat region of the supergravity solution. It 
is important to note here that the throat is not infinitely long; otherwise we could not 
have found the above relation between AtsuGRA and AtcFT- 

(ii) A graviton outside the throat in the supergravity solution is described by the 
graviton being present outside the effective string in the CFT picture. Note that we 
are working with quanta of wavelength A much larger than the scale (QiQ^Y^^, so this 
quantum outside the throat effectively travels in a flat metric in the supergravity solution. 

(iii) The process where the quantum enters the throat in the supergravity solution 
maps to the process in the CFT where the incoming graviton converts its energy to 
that of the two vibration modes of the effective string. Similarly the process where the 
graviton manages to leave the throat and escape to inflnity maps to the process in the 
CFT where the vibration modes collide and leave the effective string as a single graviton. 

(iv) From (iii) above it is logical to identify the supergravity state where the quan- 
tum is near the start of the throat with the CFT conflguration where the two vibration 
modes are close to each other, as at points A, B in flgure ^j. The quantum at the end of 
the throat (near r = 0) maps to the CFT conflguration where the vibration modes are 
separated by the maximal possible distance along the effective string. This is of course 
just a version of the UV/IR correspondence ||30[ . 



(v) The supergravity quantum travels several times up and down the throat, with a 
small probability to escape each time it reaches the start of the throat. Correspondingly, 
the vibration modes travel around the string, with a small probability to collide and leave 
the string graviton each time they meet. 

In the following we will make this correspondence more precise, and provide additional 
evidence for the proposed relation between CFT excitations and their description in the 
supergravity dual. 
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Figure 3: Component strings for the state [o"^/^] 
j = m/2. 



\ The spins are all aligned to give 



3.3 General values of j. 

As we will see later in the section on black hole formation, for the case ji = Jr = \ 
considered above the supergravity solution is not trustworthy all the way to the end of 
the throat. More precisely, the backreaction of the quantum placed in the throat deforms 
the throat in a significant way, at least near the end of the throat. To avoid this we now 
look at larger values of angular momentum, where it will turn out that the backreaction 
of the quantum can indeed be ignored. 

Let us look at a state of the CFT with 

ITl 

ih =jR = J = — (3.8) 
The simplest way to make such a state is to take the chiral primary in the NS sector 

[ajrr (3.9) 

m 

Upon spectral flow to the R sector, each component cr^~ gives a 'multiwound' string that 
is wound 

n = — = (3.10) 

m m 

times around the circle = y. There are m such component strings. We sketch this 
configuration in figure |^. The spin of each multiwound component is Jl = Jr = ^, and in 
the state that we have taken all these spins are aligned to produce the spin values (|3.8|). 

An incident graviton can be absorbed into any of these m component strings. But 
now the travel time for the vibration modes around the string, before they meet each 
other again, is 

Mc,r = (3.11) 
m 
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Now we look at the corresponding supergravity solution. When the angular momenta 
are given by (|3.8|) then the time for a quantum to travel once down and back up the 
throat is (eqn.( pTT7D ) 



Thus again we find 



TiR TiRnin^ nnin^R 

^tsuGRA = — — — — — — [6.iZ) 

'J 2] m 



^tcFT = ^tsUGRA (3.13) 



We have used the s-wave quanta as an illustration but we see immediately that we 
get the relation (|3.13D for higher partial waves as well. The supergravity travel time 



^tsuGRA was found in to be independent of the harmonic order I. In the CFT the 
absorption of a higher partial wave creates set of massless left movers dXip . . .ip and a 



set of massless right movers dXip . . .ip pTl Rl, |32|. Each set of excitations travels at the 



speed of light around the component string, so that AtcpT is independent of / as well. 
3.4 The rate of radiation. 

Suppose that we place an s-wave scalar quantum in the supergravity throat; the dual 
CFT state has a pair of vibration modes on the effective string. We wish to compute the 
probability per unit time for the scalar quantum to escape from the throat, and compare 
this to the probability per unit time for the vibration modes on the effective string to 
collide and leave the string. 

First we look at the CFT computation. Let there be one left moving vibration and 
one right moving vibration on the string, with the momentum vectors (|3.1| ) and in the 
wavefunction corresponding to a graviton ( p.2|) . The interaction that leads to the emission 
of the graviton is given by using the DBI action for the effective string. The computation 
is essentially the same as that done for absorption into the black hole microstate, but 
since we are here looking at the emission rate we reproduce the relevant calculation in 
Appendix A. Consider the R ground state arising from the chiral primary [c^^Jm]^- This 
state has m component strings, all in the same state, and the spins are aligned to give 
ji = Jr = y- Then the probability per unit time for the vibrations to collide and emit a 
graviton is found to be 

Here g is the string coupling, (27r)^V^ is the volume of the and we have set ol = 1. 

Now we look at the supergravity solution. The throat is assumed to be long compared 
to the scale (QiQ^Y^'^ of the geometry near the start of the throat. A quantum incident 
from infinity has a probability P to enter the throat, after which it propagates down the 
throat till it reaches the end where it refiects. The long length of the throat implies that 
the probability P depends only on the geometry near the start of the throat, which is the 
same as the geometry in the nonrotating case j = 0. Thus we can read this probability 
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off from |T^, and we find (using eqns ( |2.13| ), ( |B.4D ) 



^ = -jQiQ^^ = -j^ y (3.15) 



Tlie number of times tlie quantum tries to exit tlie tliroat per unit time is 

1 



^tsUGRA 

Tlius tlie probability of emission per unit time is (using ( |3.12| ), ( |3.15| )) 



(3.16) 



nsuGRA = -r- = m—u; — — - (3.17) 

^tsUGRA ^ V ZttK 

We see that 

TlcFT = T^SUGRA (3.18) 

so tfiat the rates of emission agree exactly between the supergravity and CFT pictures. 

Let us compare the above calculation with the computations |P, 0, ^ that show 
agreement between microscopic radiation rates and Hawking radiation rates from the 
corresponding black holes. The CFT computation is the same in each case. But on 
the supergravity side in the present case we do not have a horizon, and the graviton 
does not represent Hawking radiation. We are in fact below the black hole formation 
threshold, and so instead of finding a horizon somewhere down the throat we find a point 
from which we can reflect back. The travel time ^tsuGRA has no analogue if we have a 
horizon. Thus the agreement ( 3.18| ), while similar to that in the black hole case, has a 



somewhat different interpretation. 



4 Generic microstates and the dual throat geome- 
tries 

So far we have used specific examples of D1-D5 microstates to argue that At^FT = 
^tsuGRA- For this to be a general principle, however, we must examine all possible R 
ground states of the D1-D5 system. 

4.1 Unbound states: a potential difficulty and its resolution 

A simple way to violate AtcFT = ^tsuGRA would appear to be the following. Take two 
D1-D5 bound states, with angular momenta 

[Jl =Jl = j; Jr = Jr = y) and [jl = -Jl = JR = -Jr = y) (4.1) 
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Since such D1-D5 states are mutually BPS, we can construct a supergravity solution with 
arbitrary locations for the centers of the two parts. Let the two centers be coincident. The 
angular momentum of the two bound states cancel each other, so that we get ji = Jr = 0. 
Naively, looking at eqn. (|2.14|) , (|2.15|) one may think that this geometry will have an 



infinite throat and infinite AtsuGRA- But looking at the lengths of the component strings 
in the CFT we still find AtcFT = """m^'^ ; so that we have a potential contradiction. 

But a closer look at the supergravity solution reveals the following. The rotation 
parameter a in the solution (p.lO|) multiplies dtd(f), but it also appears in the function 
f = r"^ + a? cos^ 0. Suppose we take a solution ( p.lO|) with rotation parameter a and 



superpose another solution with the same charges and rotation parameter d = —a, and 
the same center. Then the coefficient of dtd(j) disappears, but / remains unchanged since 
it does not depend on the sign of a. We have developed in Appendix y an extension of 
the chiral null models to yield directly general solutions for the D1-D5 system. The 6-D 
Einstein metric for this superposition, worked out in Appendix ^ is 



dsl = -^{de-dy^) + 4hh{4^,+de' 
V/1/5 ^ + 



+ 



fo 



cos^ edip^ + (r^ + a^) sin^ 9d(p^ (4.2 



where 



fo = r' + a' cos' 6, f, = + Q,, f, = f, + Q, (4.3) 

We cannot solve the wave equation in this metric since the variables do not separate. 
But we can estimate the time delay by looking at geodesies in the throat. A generic 
geodesic goes down the throat only down to r ~ a; the travel time is thenQ 

^tsuGRA ~ ^tcFT (4.4) 

We can superpose several D1-D5 bound states, each having rotation but such that 
the combined angular momentum is zero. It is easy to generalize the above construction 
to see that in each case we still get AtsuGRA ~ AtcpT- 



4.2 Arbitrary j configurations of the bound state 

Let us now return to our principal consideration - the analysis of a single D1-D5 bound 
state. Here again we face the following potential problem. Consider the R ground state 
that results from a chiral primary made of m components, each of the form cr^/^. If the 



spins s, s are all aligned then we get ji = Jr = y'^ ^^^^ maximum value of j in (|2.9| ) 



^There exist an exceptional set of geodesies that head directly into the singularity at r = 0, 6* = tt/2, 
which do not return back in a finite time t. As we will note below (and this is explained in more detail in 
Appendix |) this situation is not generic; in a generic solution the geodesies (and waves) reflect back in 
a finite time from the singularity. We also argue in Appendix | that quantum fluctuations of the metric 
will result in AtexcepUonai ~ Ate FT X log j even for such nongeneric geometries. 
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and gives the configuration we studied in the section ^. But from ( |2.9| ) we see that we 
can also combine the spins s, s to obtain states with lower j, all the way down to j ~ 0. 
Does the effective length of the throat depend on the value of m or on the value of j? If 
it depends on j then we have a problem; by choosing m ^ 1 we make the component 
strings of the CFT small (length ~ 2'kRN/ m each) but the supergravity throat could be 
made long by letting j ~ 0. We will see however that the supergravity throat terminates 
at a distance that depends on m rather than j. This fact will be crucial to our conjecture 

that At CFT = AtsuGRA- 



4.2.1 The duality map from D1-D5 to FP 

To see the nature of supergravity solutions corresponding to general values of j in (|27 
we will map the D1-D5 system by a chain of dualities to the FP system: F represents 
fundamental string winding (along = y) and P represents momentum (also along y). 
The reason for starting the analysis with the FP system is the following. The / 
orbifold CFT describes a single D1-D5 bound state. To study the supergravity dual we 
need the metric for a single bound state system, and not for a superposition of many such 
bound states. In the FP language a single bound state is easy to characterize: it arises 
from a single multiwound string carrying left moving vibrations. Duality then maps such 
FP solutions to metrics of single D1-D5 bound states. 

The sequence of dualities needed to map the D1-D5 system to the FP system is easy 



to write, and can be found for example in |3^]. The following is the relation of quantities 
and states in the two systems: 

(i) The number of D5-branes in the D1-D5 system becomes the winding number 
riw of the fundamental string (i.e. = n^). The number of Dl-branes becomes the 
number of units of momentum {rip = ni). The bound state of the D1-D5 system maps 
to a bound state of the winding and momentum modes of the FP system. Let the radius 
of the y circle after dualities be B! . The string of the FP system then has a total length 
Lt = 27iR'nw Momentum modes on this string come in fractional units 

27m n ^, 

P = T^ = ^ ^'-'^ 

with the constraint that the total momentum has the form 

p^ = ^ = !^ (4.6) 

with Up an integer . Thus on the fundamental string of total length Lt the total level 



number of excitations is 

= Upn^ = Uiu^ (4.7) 



(ii) Let the fundamental string carry a quantum of vibration in a transverse direction 
i, i = 1, 2, 3, 4 with wavelength A = Lt/u. This excitation is generated by the oscillator 
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If the string has Up = N/rtw units of momentum then the total state of the string 
is of the form 

[«-„J'"^..[a\J'"'^-|0) (4.8) 

with 

Y,m,n,=N (4.9) 
The state ( [4.8| ) corresponds in the D1-D5 system to the chiral primary 

KYT' ■ ■ ■ KfT' (4-10) 

Thus in the R ground state of the D1-D5 system if we have a component string that 
is wound n times around y then this component string maps to a momentum mode 
a-n, which has wavelength Lt/u around the fundamental string in the FP system. The 
component string in the D1-D5 system has four polarization states (s, s) = (±|, ±|) 
which gives the spins under SU{2)i x SU{2)ji = 5*0(4), and these map to the four 
polarizations a* of the momentum mode.0 



4.2.2 Mapping D1-D5 states to FP configurations 

Let us study the FP representation of some selected R ground states of the D1-D5 system, 
(i) Take the chiral primary 



]N/n 



(4.11) 



of the NS sector of the D1-D5 system and consider its corresponding R ground state. 
There are N/n component strings of winding number n each. Figure ^(a) depicts this 
state for n = 2. 

In the FP system we have N/n quanta of the nth harmonic around the fundamental 



string. Further, since the spins of the factors in (|4.11|) are all aligned, the angular 



momentum is Jl = Jr = -t-- The fundamental string rotates in a circle; the metric of this 



state and the duality maps were constructed in [Q. Let the rotation generators of the two 
SU{2) factors and the SO{A) be related such that j| = i(Mi2 + M34), j| = i(Mi2-M34); 
then the choice (jf, J^) = (— |, — |) for each (T„ in ( [4.11|) implies that the rotation of the 
string is in the X1-X2 plane. 

This F string is pictured in figure Kb), opened up to its total length 27ri?'n^ = 27!- R'n^. 
Due to the identification y ^ y + 2ttR' the string actually covers a cylindrical surface in 
a helical fashion; this is pictured in figure §(c). We can characterize this cylinder by its 
cross section, which is a circle, depicted in figure §(d). 

^The / orbifold does not include the center of mass U(l) factor of the D1-D5 system, so we 
see only one vacuum |0) in ( |4.8| ) rather than all the ground states of a single fundamental string without 
momentum. Further we are concentrating on only those chiral primaries in the D1-D5 system that arise 
from the (0, 0), (0, 2), (2, 0), (2, 2) forms on the 4-manifold M ^ so we write only the polarizations a' for 
the momentum modes rather than all possible polarizations. 
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(d) (b) 



Figure 4: (a) Component strings for the D1-D5 microstate (b) The funda- 

mental string in the dual FP system, oscillating in the harmonic n = 2, shown opened 
up to its full length 27rn^i?'. (c) The string of (b) as it actually appears due to the 
identification y' — > y' + 27ri?'. (d) The cross section of the singularity created by the 
strands in (c) in the classical limit. 
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Figure 5: (a) Component strings with spins not all aligned; 
singularity. 



(b) The shape of the 



Mapping by dualities back to the D1-D5 system we get the metrics ( |2.1(]| ) with ji = 
jR = If we take n = 1 then we get the maximal possible angular momentum {jL^jii) = 
(y, y); it was shown in [jT6[ that the corresponding D1-D5 supergravity solution was a 
smooth geometry. 

(ii) The states described in (i) correspond, in the list ( |2.9| ), to j taking its maximal 
possible value If all the ^ spins are not aligned, then from the same set of 'component 
strings' we can get smaller values of j. In the dual FP system these latter states are just 
obtained by taking the same harmonic on the fundamental string, but making the string 
swing around an ellipse rather than a circle: 

71 11 

x[ = Acosi-^iy' + t')), x', = Bsmi-^iy' + t')) (4.12) 

The string still forms a helix but covers a surface with elliptical cross section as depicted 
in figure ^. In particular letting the string vibrate only in one direction (e.g. i? = in 
( [4.12| )) would give Jl = Jr = 0. The supergravity solution for this case is written down 
explicitly in Appendix |. 

(iii) Consider a chiral primary that has twist operators of two different orders, for 
example 

rim, + 2nm2 = N (4.13) 

In the FP dual we have harmonics of order n and 2n on the string, so the waveform looks 
like 

ft Ti 

x\ = Aicos(-^(i/' + t')) + ^2Cos(2-^(t/' + t')), 

4 = Eisin(-^(|/' + t')) + 52sin(2-^(y' + t')) (4.14) 

The surface covered by the string now has a more complicated cross section, depicted in 
figure ^. For a range of parameters Ai, Bi the singularity curve exhibits a self intersection. 
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(a) (b) 

Figure 6: The singular curve when the FP string carries two different harmonics: eqn. 
( CT ) parameter values {&) A = 1, B = 0.4; (h) A = 1, B = 0.6. 



Such self-intersections are not generically present however, since the singular curve lies 
in a 4-dimensional space x'. 

(iv) More generally, the singularity can have the shape of a general curve. Let 
the string in the FP solution be described by the profile x' = G{v). (Here is a 4 
component vector {x'l, Xj, Xg, x'^}.) For a generic state the typical wavelength involved in 
the oscillations is much larger than the compactification radius R' of the y' coordinate. 
Then for any fixed y' = y'^ the string passes through a set of points x' that are closely 
spaced along a smooth curve. This curve is given parametrically by 

x' = G{a), 0<a< 2'Kn^R! . (4.15) 

(By construction this curve is independent of the choice of y^.) In the classical limit 
the spacing of points along the curve goes to zero. Thus the classical geometry that 
corresponds to this microscopic FP solution has a singularity along the curve x' = G{a), 
with the singularity extending over all < y' < 2ttR! and for all t. We will not explicitly 
mention in what follows the extent in the y' , t directions, and characterize the singularity 
by the shape of the singular curve (|4.15 ). 



It is important that in the classical limit the large value of the winding gives 
a singularity structure that is invariant under translations in y'. This invariance in y' 
allows us to apply T-duality along y', which is needed to obtain the corresponding D1-D5 
solution. The latter solution will also have a singularity that is a curve in the space x, 
and which extends uniformly in the y,t directions. The singular curve for the D1-D5 
geometry is 

x = F(a), F=—^G (4.16) 

rW 

Given that the curve ( |4.16|) is a 1-D subspace in 4 dimensions, the following situation 



IS generic: 

(i) X = F{a) is a simple closed curve with no self-intersections. 
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(ii) |-^(a)| 7^ at all points along the curve. 

Note that in the FP system if we take any y' = and look for the points in the x' 
space through which the string passes, then the number of these points per unit length 
along the curve ( ^4.15|) is 

i5(«)r'^ (4.17) 

The singularity is characterized by both its shape and the 'density' ( 4.171 ). 

Let us look at the D1-D5 system and examine the geometry for a general singular 
curve F. By translational invariance we can set 

L 

dvFi{v) = 0. (4.18) 

We will also assume that singularity in confined in the region with a typical size a, which 
means that 

Fi{v)F^{v) < c? for all v (4.19) 
The throat geometry then has the following two properties: 

(i) For ^ we get the metric (Appendix ^ 

ds^ ^ -\{dt^ - dy^) + hdxdx, (4.20) 
h 



where 



(4.21) 



If we compute the time of flight for a quantum from the start of the throat to r = a 
and back then we get 

^tsvGRA = ny^^ (4.22) 



(ii) The geometry ends smoothly at r ~ a except for the singular curve. We show 
in Appendix ^ that waves incident on the singular curve in fact reflect from the curve, 
as long as we have the genericity conditions (i) and (ii) mentioned above for the curve. 
In Appendix we estimate the maximum time Atsing that a quantum can spend in the 
vicinity of the singularity even if it heads radially into the singularity from r ~ a. We 
find that 

2 

Rising ~ y=AtsUGBA (4.23) 



where n is the average winding number of the component strings, and so ri > 1.0 



Note that for the metrics ( ^.10 ) we have performed the exact computation for the travel time 



AtsuGRA (eq. (3-7)); this time includes all effects of approaching the singularity and returning back, so 
that we do not need to consider separately the time Atsing spent near the singularity. 
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Putting together properties (i) and (ii) we find that 

AtcFT ~ ^tsUGRA (4.24) 

We in fact expect an exact match between the CFT and supergravity, but if all the 
component strings in the CFT are not of equal length then Ate ft can only be defined 
upto some spread. Similarly the waveform in the supergravity throat returns with some 
distortion and thus /StguGRA has a spread as well. For this reason the above relation 
appears as an approximate one, but in the cases where these time scales could be exactly 
defined and computed we obtained the exact equality ( p.l3| ). 



4.3 'Hair' in the D1-D5 geometry. 

For geometries that have a black hole horizon there exists the well known 'no hair' 
conjecture, which states that the microstates of the hole will not be visible in its geometry. 
While this conjecture may indeed not be valid as a general theorem, it is nevertheless 
true that we do not know how to see the entropy of black holes as a count of different 
spacetime geometries. Thus for the D1-D5 momentum black hole in 4+1 dimensions, the 
metric lifted to 6-D is 

dsl = -ridt^ - dy^) + ?^{dt + dyf + h \dr^ + r^dn^l . (4.25) 
h hr^ L -I 

Classically this metric represents all the ~ e^'^v'"i"5"-p microstates of the hole. If we set 
the momentum charge to zero, we still find ~ ^^V^-Ky^innE microstates. The geometry 
( [4.25| ) reduces to 

ds\ = -j^{dt^ - dy'^) + h [dr'^ + r^dl^^j _ ^4 26) 



The classical horizon area is now zero, but the classical geometry ( [4.26|) still seems to 
exhibit a version of 'no hair', since it is the same for all microstates. How do we reconcile 
this situation with the fact that we have found different throat geometries for different 
microstates of the D1-D5 system? 



It turns out that the geometry produced by generic microstates all behave as ( [4.26|) 



upto a 'classical' distance down the throat (so that we see no hair) (figure 0a), but start 
to differ at a distance which is ~ 1/% down the throat, where we find the the end of 
the throat and the above discussed singularities (figure ^). More precisely assume fixed 
the parameters of the string background, and take the limit ni,n5 — >■ oo - this is the 
classical limit of the solutions. The radius of the throat is (QiQs)* ~ (nins)*. Choose 
any dimensionless number /x, and look at distances that are reached by a particle falling 
down the throat for a time t ~ /^(QiQs)*. As ni,n^ — > oo, the metrics for generic 
microstates will all become the same in this domain in the throat. The end of the throat 
comes for t ~ ('^-i^is)^'^^, and in the classical limit this will appear to be infinitely far 
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Figure 7: (a) A leading order classical analysis suggests an infinite throat; (b) The 
throat actually ends at a distance that diverges as — > 0. 



down the throat. Thus we recover a 'no hair' classical limit, but see different geometries 
for different microstates near the end of the throat. 

4.4 A flat space computation to understand the size of the sin- 
gularity 

An essential part of the above results can be understood by considering the string of the 
FP system in fiat space. It was crucial in obtaining Ate ft ~ AtsuGRA that the size of 
the singularity, for fixed winding and momentum charges, depended on the wavelength 
of the oscillations and not on the angular momentum they carried. Let the F string have 
total length = 27rnyjR'. Let it carry Up units of momentum which implies the energy 
of vibration 

^ = I (4.27) 

Further, let the wavelength of the vibrations be A ~ L-r/n. The Hamiltonian for small 
vibrations is 

H=l r!^dz[i^r+i^r] (4.28) 



dt dz 



By the virial theorem 



Setting (H) — E we get 



(i^)=T((|^)^)L^~T(a;-)-^n^ (4-29) 

WY' - (4-30) 

Thus we see that (for fixed A^) the rough size of the singularity depends on n, which 
determines the wavelength in the FP solution, and maps to the winding number of 
individual component strings in the dual D1-D5 system. In the supergravity solution 
the size of the singularity determines the approximate end of the throat, and we see 
from the above analysis that for the D1-D5 system the effective length of the throat is 
determined by the number of component strings rather than the angular momentum of 
the configuration. 
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For large A^, the generic ground state of the FP system has ~ a/ZV quanta of vibration 
modes with wavelength ~ LtI^~N. In the dual D1-D5 system we find that for the 
geometries ( ^.l(j| ) we have 7 ~ 1/\/N, which is zero in the classical limit. 

In Appendix ^ we compute the length of the singular curve for the D1-D5 bound 
state in flat space. Multiplying this length with the height 2t:R of the singularity in the 
y direction we find for the area of this classical singularity 

Area < AnV2VNC^ (4.31) 

where equality is attained only for the cases where all component strings have the same 
length. 



4.5 Nonsymmetric excitations of component strings 

Let the CFT state have m component strings. Note that the calculation of Appendix 
A for the amplitude of absorption/emission from the component string did not depend 
on the length of the component string. Thus an incident graviton will create an excited 
state of the form 

\ip) excited = —^[{string 1 excited) + {string 2 excited) + . . . + {string m excited)] (4.32) 



If all the m component strings were identical, then ( [4.32|) is the only state allowed by 



Bose symmetry; this is the state that we used in the computation of Appendix A. But in 
general the m component strings will not be in the same state - they may have different 
lengths or different spin orientations. Then instead of ( [4.32| ) we can get the more general 
state 

\'4')excited = ai{string 1 excited) + a2{string 2 excited) + . . . + am{string m excited) 

(4.33) 

As a simple example, take the R ground state [c"jv7m]'"^^[^iv/m]™''^ consider it excited 
to the nonsymmetrical combination 

I'ip) excited = "^K^ String excited) — (a^^ string excited)] (4.34) 

A naive calculation would now suggest that the amplitude to emit a graviton from this 
state is zero - the amplitude for emission from the two parts of the state give a total 
amplitude -^[R~ R] = {R is the amplitude of emission from either type of component 
string). It would thus seem that there are CFT excitations that are decoupled from the 
supergravity modes at infinity. 

But a closer look reveals that this naive computation requires the following modifica- 
tion. We have seen above that the singularity of the D1-D5 system is not a point in the 
space X but rather an extended curve. Even in the limit of weak coupling when we have 
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the 'branes in flat space', the location of the branes will be along this curve of nonzero 
extent (see Appendix for a computation of the length of the singular curve). In the 
emission calculation if the component strings were all at one point then the graviton 
emission amplitude would indeed vanish for the state ( [4 .341) . But the finite extent of 



the singularity implies that even if the leading order s-wave emission is cancelled by a 



judicious choice of phase as in ([4 .341) , the excitation will decay (though more slowly) 
through the emission of p wave and higher partial wave gravitons. 

We can see the presence of states analogous to ( [4 .331) in the dual supergravity. A 



simpler example can be found using an unbound state rather than a single bound state. 
Thus consider two identical D1-D5 bound states, each corresponding to the CFT state 
. Construct a superposed state where the centers of the two components are placed 
a distance b apart, with b <^ (QiQbY^^- Then the supergravity solution exhibits a single 
'combined' throat for a certain distance, and then the throat branches into two smaller 
throats, which we call throat 1 and throat 2.^ 

An s-wave scalar traveling down the combined throat enters throat 1 and throat 2 
with equal amplitude. But we can also construct a wavefunction for the scalar which has 
opposite amplitudes in throat 1 and throat 2. How will such a wavefunction emerge into 
the combined throat and thus out to infinity? 

While the above wavefunction does not emerge into the combined throat as an s- 
wave, it does have a nonzero amplitude to emerge as a p-wave. The p-wave has a smaller 
amplitude to exit the combined throat, and thus we see a suppression in the radiation 
rate for such a wavefunction. 

In a general state of the D1-D5 system the end of the throat exhibits no particular 
symmetry, and so an s-wave going down the throat can get converted to a mixture of 
harmonics after reflection from the end of the throat. The geometries ( ^.lU ) are special 



however, since the different harmonics separate exactly and an s-wave returns as an s- 
wave. The corresponding CFT states are special too, since their excitation takes the 
symmetrical form ( |4.32| ) and not the more general form ( ^.33| ). 

5 Breakdown of the semiclassical approximation and 
the threshold of formation of black holes 

5.1 Several vibration modes on the same component string 

Consider an s-wave minimally coupled scalar, with energy uj, traveling up and down the 
throat of the D1-D5 geometry. We have seen that this maps in the CFT to a left moving 
and a right moving vibration mode on the effective string, each with energy uj/2. In 
particular we had noted (eqn. ( p.2| )) the maps 

i\x6)L X \x7)r + \x7)l X \xe) r) 



'^Branching throats were considered in a slightly different context in 
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^ 71 ^^^^^^ ^ \^7)r - \x7)l X \xe)R) (5.1) 
We will find it convenient to work with the linear combinations 

^6^7 = ^[^67 + B^j^] \xq)l X \x7)r 
^67 = 4^ [^67 - ^6^^] ^ \x7)l X \xq) r 



5.1.1 Throat corresponding to the CFT state with one component string. 

Consider the R ground state that arises from the chiral primary a]^^ . This state has one 
'component string' wound riin^ times around the circle of radius R (figure |l|a), and thus 
has the longest possible throat {Ate ft = AtsuGRA = i^riin^R). Place in this throat a 
quantum of Sq-j with energy 

2 

u = = ujQ (5.2) 

This gives left and right vibrations on the effective string of energy l/riin^R each, which 
is the lowest energy excitation possible. 

Now imagine that we also place in the throat a quantum of Sgg with energy t^o- In 
the CFT we get the state 

S^j{uJo)S^g{uJo) \x6)l\xs)l X 1x7)^1x9)^ (5.3) 
But now look at the CFT state corresponding to the supergravity scalars S'^(u;o), 5*78(1^70): 

'S'6^9(^^o)5'8^7(^o) \x6)l\x8)l X \x7)R\xg)R (5.4) 



The supergravity states in ( ^.3|) , (5.4) are different (the scalars involved are not the same 
in the two cases) but they seem to map to the same state in the CFT. It would appear 
that we have found a contradiction with the proposed duality map. 

But note that these quanta in the throat have an energy of order ~ l/riin^R or 



greater. It was shown in |]T2[ that for this throat geometry the threshold of horizon 
formation is 

1 

AEthreshold ~ 7^ (5.5) 

riin^R 

Thus just when we seemed to be getting a contradiction between the CFT effective string 
and the throat geometry, we find that the physics changes because of black hole formation. 

Note that for this particular state of the CFT the supergravity approximation will 
not be good even to describe the propagation of one quantum to the end of the throat, 
since the backreaction on the geometry will deform the geometry by order unity. 
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5.1.2 Throats corresponding to CFT states with m component strings. 

Let us see how the above discussion extends to states of the CFT that have m > 1 
component strings. Let the CFT state be composed of m component strings with winding 
number ~ N/m each. Then in the supergravity solution we see that (eq. ( |2.15| ) 

(5-6) 



riin^ * R 

The throat ends at r ~ a while for r ^ a it has the geometry ( ^.26| ) of the D1-D5 system 
with no rotation. In the geometry (|4.26|) if we add a nonextremal energy AE then we 



get a horizon at 

'2g^AE' 



RV 

(we have set a' = 1). Thus th ^ a then we get horizon formation, while if r// ^ a then 



the matter quanta just move back and forth in the throat, giving the 'hot tube' [0. The 
threshold energy for black hole formation AEthreshoid is then obtained by setting vh ~ a, 
which we write in a suggestive fashion as 



1 

AEthreshoid ~ 7^ = "^(ivT^) (5.8) 



We see that a black hole forms if we have enough energy to excite one quantum of the 
lowest allowed vibration mode on each component string. 

The minimum wavelength that fits in the throat is {muJo)^^. Note that we can place 
1 << rui « m quanta of this wavelength in the throat without any significant defor- 
mation of the throat geometry. Thus supergravity analysis performed in subsection 3.3 
using the test particle approximation is seen to be valid, as long as we do not take too 
high an energy [E > m^u^o) for this test particle. 

To summarize, we have seen that if we place more than one pair of vibration modes 
on each component string, then the naive count of supergravity states fails to agree with 



the count in the CFT (eqs. (|5.3| , |5]J)). But the energy required to excite the lowest 
vibration on each component string turns out to equal AEthreshoid, the energy to form a 
black hole; thus the physics changes at this point, and a contradiction is averted.0 

5.2 Black hole formation 

Thus far we have ignored all interactions when dealing with the 'component strings' in the 
CFT; we just considered left and right moving vibration modes on individual component 
strings. But the supergravity solution does not in general map to the CFT at the orbifold 



^In 1^ it was found that in the c — 1 matrix model [D = 2 string theory) the process of 'fold 
formation' distributed an initial energy m? as ^ 1 + 2 + . . . + rn; i.e. we get one quantum each of 
frequencies 1, 2, ... m. It may be that the interactions in the present problem distribute energies in this 



fashion rather than ~ m + m + . . . m as was suggested by (5.10) 
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point M'^/Sn] we have a deformation of the orbifold by blowup modes Such 
deformations can be generated by (1,1) operators of the form iptpa2'- the chiral primary 
(J2 has dimensions (|, |) and ip, are dimension | fermions from the left and right sectors. 
This operator cuts or joins component strings, at the same time creating a left and a 



right moving fermionic excitation on the resulting component strings |^ . 

To see what this interaction might do, let us look at the location of the horizon ru 
(eqn. (^3)) when we throw in an energy /S.E ^ AEthreshoid- (We still assume that 



AE is low enough that the horizon forms in the throat rather than outside.) From our 
map between the supergravity throat and the CFT we find that when a quantum travels 
from the start of the throat to r = rn then on the CFT string the two vibration quanta 
separate by a distance equal to the time of flight to th- 

This requires the CFT string to have length at least 21 h- When a black hole forms we 
must clearly expect some change in the description on the CFT side. Using ( ^.7|) we find 

that 

47r ,2TTninKR^ 
^ — ( ) (5.10) 

Thus we see that if the interaction were to change the CFT state to one where all the 
component strings had length 21 h, then the energy AE would excite the lowest allowed 
vibration energy ^ on each of the resulting ^^2/^^^ component strings. 

Even though we are not investigating the interaction in detail here, there are two 
features of the interaction that deserve comment. First, below the black hole formation 
threshold we have obtained good results by ignoring the interaction altogether .0 Secondly, 
when a horizon does form (and thus interactions presumably become relevant) then we 
seem to need enough energy to excite all the component strings. We speculate now on 
how this 'all or none' feature of the interactions might arise. 

In the CFT the normalized interaction operator has the form 

1 ^ - 

T/'^aa ~ T7 I] V'^t^ij (5.11) 

Let us start with a CFT state which has uiu^ singly wound component strings, and let 
the first string carry a pair of vibrations. The above interaction can join another string 
to the first one, giving a state of the form 

IV'/) ~ y^ryt^^^) + (13) + . . . {IN)] (5.12) 



^This may no longer be true when we have a bound state with component strings of different lengths. 
The shape of the singularity is obtained by mapping to the dual FP system where the F string carries 
harmonics of two different orders. The resulting singularity shape depends in a complicated way on all 
the harmonics present, so we expect some interaction effects between the component strings in the CFT. 
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From ( |5.11 



), ( |5.12| ) we see that the interaction generates a change 




(5.13) 



This small parameter is also the coupling constant of supergravity in AdS^, so it ap- 
pears that ignoring interactions in the CFT was equivalent to ignoring gravity corrections 
at leading order in the dual supergravity. 

If we use several such interactions, then we get further suppression by powers of 
But now suppose that we convert all the initial component strings to component 
strings of length 2, each carrying, say, the lowest vibration mode. Then because all these 
component strings will be in the same state, we get a 'Bose enhancement factor' - if 
there are already ~ N units of a given component string then creating the next one gives 
a factor ~ \fN . Thus while the amplitude may be small to create a few interactions, 
it may be order unity if it affects almost all the component strings, which is what we 
observed in the process of horizon formation.]] 



5.3 Validity of the supergravity approximation 



We have noted after eqn. ( ^.81) that if the number of component strings is m 3> 1 
then the backreaction of a quantum with energy E -C rn^ujQ will not make a significant 
distortion to the geometry {rn?ujQ = AEthreshoid, the threshold for black hole formation). 
The geometry of the throat is (except near the end) locally AdS^ x x M; since this 
is an exact string solution it is not modified by stringy corrections. As we go down 
the throat the sizes of and M do not change, but the length of the y circle shrinks. 
One might wonder if this leads to a large effective coupling constant for quanta deep 
in the throat, thus possibly invalidating the linear wave equation we have used for the 



propagation of the scalar. But in ||I2[ it was shown that if the scalar has for instance 
an interaction (p^ then this interaction becomes relevant only after a distance down the 
throat corresponding to a time of flight ~ nin^R. But the end of the throat is reached 
after the quantum travels for a time ~ nin^R/m. Thus again we find that if m S> 1 the 
interactions can be ignored, and we can use the linear wave equation to explore the end 
of the throat at r ~ a. 



6 A proposal to resolve the information paradox 

In \TE\ it was argued that the information paradox is resolved if we assume that spatial 
slices in a foliation cannot be stretched too much. We review this argument, and then 
relate it to the computations of the present paper. 



^The issue of a 'phase transition' at the threshold of black hole formation was discussed in 
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(a) (b) (c) 

Figure 8: (a) An initial hypersurface with a high density of degrees of freedom; (b) 
Stretching dilutes these degrees; (c) The degrees of freedom are so sparse that usual 
local physics breaks down. 

6.1 The argument. 

The information paradox arises because we can find a smooth region in the black hole 
spacetime which can be given a 'nice' foliation by spacelike hyp ersurf aces; the spatial 
slices satisfy all the smoothness conditions that we might wish to impose. On the initial 
slice we have a regular distribution of matter, while late time slices capture both the 
initial matter and the corresponding outgoing Hawking radiation. (The slices do not 
approach the singularity.) Since information cannot be 'duplicated', we must somehow 
have 'bleached' the information out of the matter and transferred it to the radiation, in 
the course of the evolution. But before we can postulate the existence of some nonlocal 
process to accomplish this goal we must identify the 'trigger' for the process: what 
distinguishes the smooth foliation of this region of the black hole spacetime from the 
foliation of a smooth manifold without black holes? In the absence of such a 'trigger' 
criterion, the postulated nonlocal process would invalidate normal quantum evolution 
even in the absence of black holes. 

Since the foliation is smooth, the trigger cannot involve short distance quantum grav- 
ity effects. Two features are however observed in the smooth black hole foliations. The 
first is that one part of the spacelike slice evolves much slower than the other. This is the 
'redshift effect' familiar in black hole geometries. But if we consider a scalar field evolv- 
ing along the foliation, we see no reason why this differential evolution should invalidate 
normal quantum evolution. String theory is more complicated, but here again there is no 
convincing reason why the differential evolution rates would lead to nonlocal information 
transport (see however [0). These are the standard difficulties that one runs into when 
trying to resolve the information problem. 

The second feature of the slices is that they stretch exponentially in the course of the 
evolution. More precisely, if we want the slices to be smooth (thus they should not go 
near the singularity) then the price that we must pay is that a region of the initial slice 
(with radius ~ Rs, the Schwarzschild radius) will get 'stretched' to a final length that is 
~ 0{l/h) and thus nonclassical. 



It was argued in ||T8[ that spatial slices should be attributed a 'density of degrees of 
freedom'. Stretching dilutes these degrees. If we place more matter quanta in a region of 
the slice than there are available degrees of freedom then semiclassical evolution breaks 
down and nonlocal information transport can be triggered (Figure |]). This new way of 
violating the semiclassical approximation allows information leakage in Hawking radiation 
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(a) (b) 

Figure 9: (a) Flat spacetime in the absence of the branes; (b) The presence of branes 
stretches the region marked in (a) to a long throat. 

while preserving locality of quantum mechanics in the absence of black holes, and thus 
the information paradox would be resolved. The length of this critically stretched slice 
was expressed in in terms of the number of degrees of freedom {S is the black 



hole entropy), but noting that the separation of these degrees along the slice was order 
the Schwarzschild radius Rs, we can write the critically stretched length of the slice as 

V 

Smax ~ (6-1) 
(jrJV 

where V is the volume enclosed in flat space in a ball of radius ~ Rs- 

The above arguments can be made on very general grounds, reflecting the universal 
nature of the information problem. Let us now see what aspects of this picture emerge 
in our D1-D5 system. 



6.2 'Stretching' of slices in the D1-D5 system 

(i) In the absence of the Dl, D5 branes the spacetime geometry is fiat (figure |^a). 
The branes deform the geometry to a long but finite throat. Let us characterize the 
'stretching' of the geometry by the time delay AtsuGRA caused by propagation down and 
back up the throat. We have found that the maximum value of this time delay is 

'Atmax = nRnin^ (6.2) 

We wish to relate this length scale ( |6.2| ) to the size of the region before stretching. 



The radius f of the ball drawn in figure Pd is ~ (QiQs)^^^. The radius of the stabilizes 
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to a constant value in the throat (until we near the end), and for concreteness we set f 
to this radius 

r = {QiQ^Y'^ (6.3) 

For thus value of f the enclosed volume in flat space (i.e. the space before deformation) 
is 

V = y (r)^ = yQiQs (6.4) 

We now note that 

V 

^'^rnax = —(5) (6-5) 

where G]y = (2^)5 = Sir^g'^a"^. We observe that the relation ( |6.5| ) has the 
same form as (B.ll). 



It is noteworthy that the individual quantities in ( |6.5| ) depend on g,a',V,R,ni,n5 
but these parameters appear only in certain physically intuitive combinations in the final 
relation. This fact leads one to believe that the relation (|6.5| ) has a validity beyond the 
specific D1-D5 system being studied here. 

(ii) Let the state in the D1-D5 CFT be given by ~ m component strings of winding 
number ~ N/m each. The time delay in the supergravity throat is then AtsuGRA ~ 
'^tmax/fn- We have seen in section ^ that if more than ~ m supergravity quanta are 
placed in this throat geometry then we get evolution that departs from naive semiclassical 
expectations. This suggests that a throat stretched to have a time delay Atmax/''^ has 
just enough degrees of freedom to support ~ m quanta while maintaining the supergravity 
approximation. This indicates a 'dilution' of the degrees of freedom when the throat is 
'stretched' to longer lengths. 



(iii) The argument of |jT8[ requires that is we try to put more data on a slice than 
there are degrees of freedom then we will trigger nonlocal effects. Let us examine a 
similar feature that we find in our present study. Let the supergravity throat contain the 
two quanta Sqj, Sgg. Instead of putting these quanta in the lowest energy states in the 
throat let them have reasonably localized positions ri 7^ r2. Let the CFT state have only 



a few component strings. Then from the form of the wavefunctions ([4.32|) we see that 



there is a significant amplitude to have both pairs of vibrations on the same component 
string. But this CFT state can be regarded, a seen above in section ^ as describing with 
some amphtude the supergravity quantum Sgg. If we try to extract the wavefunction for 
S^g however, we find that this supergravity quantum is not localized near either xi or X2- 

To summarize, while we have not analyzed in the present paper the same spatial 



slices as those considered in ||T8|, we have seen analogous phenomena of 'stretching' and 
consequent 'dilution' of degrees of freedom; further, the relations expressing the maximum 
stretch of spacelike slices (|6.1| ), ( |6.5|) appear to be similar. 
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7 Discussion 



Let us summarize our results and note their relation to earlier work. 

In 1^, |TB| the Poincare patch arising from the near horizon geometry was considered. 
It was noted that geometry stopped being AdS at large r (r > (QiQs)^^^). The naive 
geometry eqn. ( [4. 261) for the D1-D5 system (without rotation) extends as a uniform 
throat all the way down to a horizon at r = 0. What we have noted is that the throat 
ends at a certain point, and the location and nature of this end of the throat mirrors 



the D1-D5 microstate of the dual CFT. In the process we found that the metrics of |16 



were only a small family out of a general family of metrics for the D1-D5 system, and we 
studied these more general metrics using chiral null models. 

Having this end to the throat was crucial to all our considerations - if we took instead 
the naive geometry ( [4.26| ) then all quanta falling down the throat would reach the horizon 
at r = and create a black hole in the process. The actual ending of the throat implies a 
minimum threshold AEthreshoid for black hole formation, and yielded an energy domain 
below this threshold where we could set up a detailed duality map to the CFT. The 
finite length of the throat is essential to obtaining the relation Ate ft = AtsuGRA- In 
the analysis of |^ a quantum falling down the throat of the 3-brane geometry was 
represented by a spreading wavepacket in the CFT, but there was no analogue of the 
relation ( |3.13| ) since the infalling quantum did not turn back without horizon formation. 

The finite length of the throat arises both from the truncation at small r (r ~ a) and 
at large r (r ~ {QiQ^Y^'^)- We used explicitly the geometry at r ~ (QiQ^Y^'^ (where 
the throat joins flat spacetime) in computing the radiation rate TZsugra from the throat, 
and found that this equaled the radiation rate TZcft from the CFT state. Note that our 
computations were somewhat different from earlier studies ||4^ where the join of the AdS 
region to flat space was made at an arbitrary location in the AdS; the operator breaking 
conformal symmetry in the CFT then depended on this location. 

It is remarkable that the black hole threshold for different microstates depends only 
on the energy scale 1/R and the winding numbers of the component strings in the CFT. 
We noted that a breakdown of the semiclassical approximation occurred when there was 
more than one pair of vibration modes on the same component string. Such a proposal 
would appear to be closely related to the stringy exclusion principle, but there are some 
important differences which we now discuss. 

The microscopic D1-D5 CFT is manifestly unitary and the degrees of freedom are 
limited. The information paradox asks for the implication of this fact in supergravity. 
It has often been argued that the 'stringy exclusion principle' implies that there is 
a cut off in the order of spherical harmonics on the S^. While this is probably true, it 
has not yielded any direct implications for the information problem, in part because the 
Hawking radiation is mostly confined to the first few spherical harmonics. What we have 
suggested here is that the cutoff of degrees of freedom in the CFT implies a maximal 
radial stretching of slices in the geometry, and the arguments of [1^ then relate this to 
a resolution of the information paradox. 
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A further essential difference is that we are looking at non-BPS excitations, rather 
than the BPS quantities studied in |jlO|, If we consider a component string wound n 
times on a circle of radius i?, then left and right vibrations occur in fractional units but 
the total units of momentum must be an integer. Thus the lowest non-BPS excitation 
has energy while the lowest BPS excitation has (for large n) a much higher energy 
Correspondingly, we find have found very low black hole thresholds for CFT states which 
have just one long component string. By contrast the black hole threshold discussed in 
20| pertains to the NS sector of the CFT, and is a single, high energy threshold rather 



than a collection of thresholds depending on the particular CFT microstate. 

Perhaps most interesting is the fact that we have found some support for the proposal 
of |jl8| that if we 'stretch' a spatial hypersurface too much then we will encounter a 
breakdown of normal semiclassical evolution, even though we would not see any of the 
usual factors that violate the semiclassical approximation like planckian curvature or 
planckian energies. It is interesting that the order of magnitude relation ( |6.1| ) emerging 
from has the same form as the more precise relation (|6.5| ), though we must note that 
the hypersurfaces involved in and ( |6.5| ) are somewhat different. If the relation ( |6.5| ) 
turns out to be a general result, as we have conjectured, then we would find a profound 
change in our understanding of the ultimate structure of spacetime. 
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A Rate of radiation from the effective string 

Consider a string wrapped around the direction = y. There is one right moving mode 
and one left moving mode on the string, with energy-momentum vectors given by ( |3.1| ). 
The polarizations of the vibration modes are given by the wavefunction (|3.2|) . We wish 
to find the probability per unit time for these modes to interact and emerge from the 
string as a graviton. 

The vertex that couples a left vibration mode, a right vibration mode, and a graviton 
is found by using the DBI action for the string j^, 0. We first place the entire system in 
a large box. The volume of the noncompact directions xi,X2, X3, x^ is l^c the volume of 
the compact (in the directions xe, xy, xs, xg) is {2tiYV , and the length of the x^ circle 
is 2tiR. Thus the volume of the 9-dimensional space is Vg = {2TxYV{2'K)RVnc- We set 
a' = 1. The 10-d Newton's constant is = Sir^g'^, and SitGm = k^. 

First consider the case where we have just one component string wrapped nin^ times 
around y. For such a string in |^ we computed the amplitude per unit time for the state 



37 



|6)l X \7)r to decay into any given Fourier mode of the graviton h^j. This quantity is 

R^ = V2^\p,\^^ (A.i; 

\/2uj vv/q 



where is the momentum of any one of the vibration modes along X5, and u is the 
energy of the graviton. For the state (|3.1|) of the vibration modes the amphtude per unit 
time will be higher by a factor \/2. Using that IpsI = a;/2 we get for the amplitude of 
decay per unit time 

Rf^ = 2K\p,\^^ (A.2) 



Using the 'Fermi golden rule' we find the probability of emission per unit time 

n = 4^ (A.3) 

where AE is the spacing between levels for the graviton. The graviton has momentum 
only in the noncompact directions Xi, ... 0:4. Thus 

AE = (A.4) 

Putting all this together we finally get for the probability of emission per unit time 

Now consider the R ground state arising from the chiral primary [c^^^J™. There 
are m component strings, each in the same state. Because of Bose symmetry between 
identical component strings, the wavefunction for the excited system must have the form 

[{string 1 excited) + {string 2 excited) + . . . {string m excited)] (A. 6) 



Rh = v^2/t|p5| t- L (A.7) 



The amplitude Rh is now 



(there are m contributions each weighted by -^)- The probability per unit time for 
decay is then 

n = m A.8 

2V{2n)R ^ ' 



38 



B Rotating Dl— D5 system. 

In this appendix we review some properties of the geometries ( p.lO|) . These metrics 
preserve a U{1) x f/(l) subgroup out of the S'0(4) rotational symmetry of the S^. As we 
have seen in this paper, these metrics represent only a small subclass of all the ground 
states of the D1-D5 system, but they are useful since the scalar wave equation factorizes 
in these backgrounds. 

In supergravity approximation the system is parameterized by two charges Qi, Q5 
and the rotation parameter a. The 10-D metric in the string frame is given by^ 



/o 



* + >' 



fi 



5 i=l 



+ 



fo 

2QiQ^a |- 



' j COS Odyj + (r + a — — ) sm Odcp 



/1/5 

sin^ 9dtd(j) + cos^ Odydip 



/1/5 



(B.i; 



This system also has a nonzero value of dilaton field and the RR two-form C^^J : 

y/QiQ^a cos^ 6 



^2$ 



2Qi 

■ fl ' 



^/QiQ^a sin^ 9 

7i ' 



Cfj = Q, cos' 6 



fl 

Q^a^ sin^ 9 cos^ 9 
Ji • 



Here we have introduced three convenient functions: 
/o = r2 + a2cos2^, f, = f, + Q,^ 



/s — /o + Q5 



(B.2) 



(B.3) 



The coordinates z^, . . . , z'^ form a torus with volume {2iiYV , and y is compactified on a 
circle with circumference 2'kR. 

lYiom. the microscopic point of view the system ( [B.l|) describes a configuration of ni 
Dl and D5 branes with angular momentum J: 



V 



rii 
^5 
3 



1 



QiV 



47r2 Js'-i 
aVR 



2s' 



QiQz 



(B.4) 



Here (7 is the string coupling constant and we always put a' 



^In |34| we wrote the metric for rotating F1-NS5 system, but (BA) can be obtained from it by 
applying the S duahty transformation. 
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In appendix |C| we will also need the relation between the solution ( |B.1[ ) and the solu- 
tion for the rotating fundamental string carrying momentum. This relation was studied 
in detail in [3^], here we just mention some facts which will later be used. Using the chain 
of string dualities one can map (|B.1|) into the solution describing the fundamental string 
which is wrapped times around the y circle, it also carries ni units of momentum and 
J units of angular momentum. The metric and matter fields of the solution describing 
the fundamental string can be written in terms of the chiral null model. To do this one 
should first go to the coordinates f, 9 instead of r, 9: 

r cos 9 



r^ + a^ sin 9, cos 9 = . , (B.5) 

V + sin 9 

and then introduce the Cartesian coordinates in the f, 9, 0, space: 

Xi = r sin 9 cos (p, X2 = r sin 9 sin (p, 

= f cos9 cosip, X4 = r cos9 sinip, (B.6) 

as well as two null coordinates: 

u = t + y, v = t — y. (B.7) 

In the coordinates (p.6| ), (p.7| ) the geometry of the rotating string reads (see |Q for 
details) : 



ds 



2 = l_du' dv' + 9±(e-^'^ _ i)dv''' - 4Q\/^(e-^^ - x'^dx'^dv' 



+ dx'dx' + d^d^, (B.8) 

u — r R — —r p~2* — 1 _i_ ^5 

Jo 

Here rescaled coordinates and charges are defined by: 

rVv , rW , z,Vv 

Xi = Xi , u = u , = — — , (B.9) 

9 9 9R1 

Q.R'V Q.R'V , aRW 

Qi = — 5 — ' = — 2 — ' « = ' (B-io) 

9 9 9 



V , _VR D/ _ V 1^ 



Here /g = /o"^^^ (not the derivative of /q!), and in terms of the new coordinates it is 
given by 

/o — ((^' ■ + 2a'^(a;'3 + x \ — x \ — x\) + a'^^ . (B.12) 

The geometry ( [B.8|) is an example of the chiral null model, we will discuss some properties 
of such models as well as their relations to the D1-D5 systems in the next appendix. 
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C A chiral null model approach to D1-D5 solutions 



In appendix ^ we have seen that under a chain of string duahties the rotating D1-D5 
system ( B.l ) is mapped to the rotating fundamental string carrying momentum charge. 



The resulting solution ( |B.8| ) belongs to the class of the chiral null models [Q. Since 



chiral null models have been used in the past as a powerful tool for generating new 
solutions in supergravity, we will devote this appendix to studying such models and their 
transformations under the chain of dualities relating the fundamental string ( |B.8|) and 
the D1-D5 system (M. 



Let us first recall some of the properties of chiral null models [0. The metric and 
matter fields for such models are given by: 

ds^ = H'{x', v') {^—du dv' + K'{x' , v')dv''^ + 2A'^{x' , v')dx[dv'^ + dcif ■ dx + dzdz, 

Buv = -Guv = '^H'{x,v'), B^i = -Gvi = -H'{x,v')A'i{x,v'), (C.l) 
e = H [X ,v ). 

Regarding A[ as a gauge field we can construct the field strength J^ij = A'-^^ — A[j. The 
functions in the chiral null model are required satisfy the equations 

d^H'-^ = 0, d^K' = 0, dir^ = 0. (C.2) 

Here 9^ is the Laplacian in the x'^ coordinates. Note that the indices i, j span the subspace 
{xi} where the metric is just 6ij, and thus these indices are raised and lowered by this 
flat metric. 

Note that the geometry (p.8| ) has a form of the chiral null model with 

H'-' = l + f, K' = % 

Jo Jo 



We now wish to develop an analogue of the chiral null models directly for the D1-D5 
system; i.e., we wish to write supergravity solutions to the D1-D5 system in terms of 
functions that can be linearly superposed to generate new solutions. We can obtain such 
a formalism by applying dualities to the chiral null modes describing the FP system. But 
at some stage in these dualities we will have to perform a T-duality along the direction 
y', so we look at FP solutions that are independent of y' to start with. This means that 
the functions if', K' and A'^ do not depend on f', but are only functions of xf . 

First we make an S duality transformation to make the original string into the Dl 
brane carrying momentum. Then by applying T dualities along all directions of the torus 
{zi, Z2i z-ii Zi^ we produce the D5 brane carrying momentum: 

ds" = -H^/\dt^ -dy^) + KH^/\dt-dyy + 2H^/^Aidx\dt-dy) 
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+ H-^/^dxdx + H^'^dzdz (C.4) 
e^* = H, (C.5) 

■^(6) _ TT A /^(^) 



Ctj6789 ~ C'Oygg — i/Aj, C*Lg7g9 — HI (C.6) 



Since we will not use this metric later on, we are not writing a rescaling of coordinates 
which should be done to go from ( |C1| ) to ( p.4| ). 

At this stage it is convenient to describe the RR fields not in terms of the six form 
( p.6| ), but in terms of the dual two form C*^^^ To construct this form we apply the 
electric-magnetic duality to (|C.6|) . The field strength corresponding to ( |C.6|) has follow- 
ing nonzero components: 

^tji6789 = ~^ii^6789 = ^j(-^^j) ~ dj{HAi), G[iy(^Y89 = "diH (C.7) 

By applying the Hodge duality in ten dimensions we get a magnetically dual field 
strength: 

Gifk = -e''^'diH-\ (C.8) 
G^S = -Gg = e^''%Ai (C.9) 
This field strength corresponds to the two-form RR field Cj^J: 

= 39[,cSi (C.IO) 

So far we were only looking at configuration with no dependence upon t,y,Zi, so it is 
natural to require that C^^ has the same property. This requirement is equivalent to 
fixing the gauge in 

/^From the structure of G^^^ we conclude that the only nontrivial components of C*-^-* 

are 

,^(2) — ^ /^(2) /^(2) — Tj ( 1 1 \ 



and in terms of these new fields equations (|C.8|) become: 

dG = -dH-\ dB = -*dA. (C.12) 

Here Hodge dual is taken with respect to the four dimensional space , x'^ , , x'^ with 
fiat metric. Note that due to the equations of motion for the null chiral model (|C.2|) : 

d*dH-^ = 0, d*dA = (C.13) 

the equations (|C.12|) can be integrated to give the forms G and B. 

To summarize, the chiral null model dualized to the D5-P solution has metric (|C.4| ) 
and dilaton field (|C.5| ), but the RR fields can be described in two alternative ways. We 
either have a RR 6-form (|C.6| ) or the RR 2-form 

Gff = G,„ cf = c\f=B, (C.14) 
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which is related to ( |C6| ) by the electric magnetic duality ( |C.8| ). 

We can now apply S duality followed by T dualities along y and zi to transform the 
solution (|C4|) , (|C.5|) , ( |C.14|) into the F1-NS5 system. Application of another S duality 
gives the D1-D5 solution: 



1 + K 



'1 + K 



^ {dt - Aidx'f + {dy + Bidx^f\ + W ^ '^^ dx ■ dx 



+ JH{l + K)dz-dz (C.15) 



A, 



^ = -jfj^, C^ = C., (C.16) 

The functions if, K and Ai appearing in this solution have the same values as if', K' 
and 

H{x) = H'{x'), K{x) = K\x'), Ai{x) = A'^{x'), (C.17) 

and the forms Bi and Cij are defined by ( |(J.12D . 

The functions H~^, K, Ai, Bi can be linearly superposed to give different solutions of 
the D1-D5 system. These functions depend only on x; further Bi is determined by Ai as 
described above. 



D Unbound solution. 



We wish to construct a solution of the D1-D5 system which represents two D1-D5 bound 
states, with opposite angular momenta so that the total angular momentum is zero. We 
can either construct the solution from two strings in the FP system and perform dualities 
to the D1-D5 system, or work directly with the chiral null models derived for the D1-D5 
system in appendix B and superpose two solutions. We will do the latter in this appendix. 
Let us look at the simplest such superposition: we take a solution with Qi, Q5, a and 



add it to the solution with Qi, Q5 



(actually we will take an average to preserve the 



asymptotic value of H). The resulting system is described by 



H 



-1 



1 + 



K 



Qi 



A, = 



(D.l) 



/o /o 

We can rewrite the result of superposition in terms of the original spherical coordinates 
,^,0,^(seeO, O): 



ds' 



fo 



■.{dt^ - dy^ 



fifi 



dr"^ 



5 V 9 I 9 



rr ^ 

+ de^) + Jj-Y,dz'dz' 

V J5 i=i 



+ 



/s fo 



cos^ Odip"^ + (r^ + a^) sin^ 



(D.2) 
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2$ 



h 
fi 



JO ^(2) _ -tJ- 



Qi 
h 



c, 



(2) 



(D.3) 



To compare this solution with metrics for infinite throat and for the rotating Dl- 

ip, y) and look at the 



D5 branes we reduce the system ( |D.2| ) to six dimensions (t, r, 6 
resulting metric in the Einstein frame: 



fo 



-W-dy') + Jhh 



dr"^ 



+ 



fo 



VfU^ 

cos^ Odip'^ + (r^ + a^) sin^ 



+ de^) 



(D.4) 



We see that this metric has the form of a uniform throat only for r ^ a; the geometry 
ends at r ~ a. Thus the resulting throat has a length that refiects the value of |a| of each 
component, rather than the total angular momentum (which is zero). We will examine 



the nature of the singularity at r 



0,9 



71 /2 later on in appendix ^. 



E Throat geometry for generic D1-D5 bound states 

We wish to understand the supergravity solution corresponding to a general state out of 
the set of ~ e^^'^^"^"^ Ramond ground states of the D1-D5 system. While we have seen 
in Appendix ^ how to write a metric using the idea of chiral null models directly for the 
D1-D5 system, we will proceed by first writing the metric for the FP system and then 
taking its dual. The reason for this is that we wish to make solutions that correspond to 
a single bound state of the D1-D5 system, rather than to a multicenter solution obtained 
from a collection of D1-D5 bound states. In the FP language a single bound state is 
given by the oscillations of a single string, and we start with these solutions. 

Consider a single fundamental string carrying a momentum wave with profile G{v'). 
Then the solution with 



\x'-G{v')\^ \x'-G{v')\^ 
\x'-G{v')\^ 

describes a fundamental string located at if = G{v'). 

As in we construct a superposition of such solutions by smearing over the coor- 
dinate y (or equivalently, by smearing over v). This smearing arises because there are 
many closely spaced strands of the string in the space x', and in the classical limit their 
smoothed out effect is just obtained by superposing the continuous distribution given by 
the average over v': 
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{A,){x') = jjA'^ix'y). (E.2) 

Note that we obtain the solution ( |B.8|) if we perform this smearing on the profile G{v'): 

Gi{v') = a cos{ijJv' + a), G2{y') = a'sin(u;t>' + a), G^i^v') = Gi^v') = 0, (E.3) 

After duality transformations we get the D1-D5 solution (|C.15D with coefficient func- 
tions 

(We will not need the explicit form of (-B,) and {Gij).) /^From these expressions one can 
see that the functions {H'^), {K), {Ai) are regular everywhere, except at points where 
X = F{v) for some < f < L. Note that F is related to G by 

^ ^ G. (E.7) 



rVv 



After dimensional reduction on the compact 4-manifold M we get the following 6-D 
Einstein metric for the D1-D5 system 



1 + K 



^ {dt - Aidx^f + {dy + Bidx^f + W ^ dx ■ dx (E.8) 



' 1 + JsT 

with parameters given by ( [E.4|) -( ^^ . By translational invariance we can set 

f 

Jo 



dvFi{v) = 0. (E.9) 



We will also assume that singularity in confined in the region with a typical size a, which 
means that 

F^{v)Fi{v) < for all v (E.IO) 

Then for ^ we get: 

{H-'){x) ^1 + ^, (E.ll) 
{K){x) ^ 9.\ \F\''dv, (E.12) 

X Li jo 

= 0((f^)-='/2), = 0((f^)-^/2) (E.13) 
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This leads to the leading approximation for the metric ([E.8|): 



where 



ds% ~ — — {dt^ — dy^) + hdxdx, 



h 



Q = Q 



1 + 



Q 



1 + 



5^ 



1/2 



1 



LJo 



\F\^dv. 



(E.14) 

(E.15) 
(E.16) 



This solution can be trusted in the region ^ a^. We observe that in this approximation 
we get a geometry of the D1-D5 system with = Q and Qi = Q. 

We now wish to define a parameter d which reduced to the parameter a for the special 
geometries ( B.l ) but for a general throat measures the effective size of the singularity 
(and thus determines the effective length of the throat). Thus we set 



1 



LJo 



\F?dv 



1/2 



1/2 



(E.17) 



Taking into account the relation between charges ( [E.16| ), we can rewrite this expression 
as 



1/2 



.{\F?). 

Similarly, in the dual FP system we have 

^Qp I {\G\') 



(E.18) 



1/2 



V Qw 

where F, G are related as in ( Pi).7|) and 



9 



Qp 
Qw 



(E.19) 



Qi 



(E.20) 



In the FP system the string closes after = 77,5 windings around the circle y' of length 
271 R', so we may write 



Gi{v) = '^t^ cos ( + an, 



/ nv 



n=l 



This leads us to the following averages: 

(i^r) = ^EE(^n ' 

n=l i 
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(E.21) 

(E.22) 
(E.23) 



If we define an "average harmonic" n by 



n = n^R 



1/2 



then equation (|E. 19|) becomes: 



iQp n^R' 



V Qw ^ 

Using the relations ( Pi).20| ) and ( |B.4| ) we find for the D1-D5 system 



g 



n R^V 



(E.24) 



(E.25) 



(E.26) 



We also define the generalization of the dimensionless parameter 7 (eqn. ( |2.16|) ) for the 
D1-D5 system: 

ciR .„ 

7 = (E.27) 



VV1Q5 



which yields (using ([B.4| )) 



^ n 



(E.28) 



F Wave equation near the singularity. 



Let us look at the massless Klein-Gordon equation in the metric ( E.8 ); the coefficient 
functions in the metric are given by (|E.4D - ( [E.6|) . We will assume that the scalar field $ 
does not depend on y coordinate, and it depends on t only through the factor exp(— zcjt): 



Then the wave equation becomes: 
1+K 



— (jj 



H 



^ - iudiAi^ - 2iujAidi^ + did'^ = 



(F.l) 



(F.2) 



/^From the expressions ( |E.4D - ( [E.6|) one can see that the functions {H^^){x), {K){x), 
{Ai){x) are regular everywhere, except at points where x = F{v) for some < f < L. 

Consider the wave equation in the neighborhood of the point xq = F{vo) on the 
singularity. We assume that (i) the singularity curve has no self-intersections, so that the 

direction of the curve is well defined at x and (ii) |F(fo)| 7^ 0. Consider the 3-dimensional 
plane normal to the singular curve at xq, and parameterize the points in this plane by y: 



Xi 



Fi{vo) + yi, Fi{vo)yi = 0. 



(F.3) 
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and we will look only at the displacements orthogonal to the singularity: 



i^.My. = 0. 



(F.4) 



Since y is a compact direction, all functions Fi{v) are periodic + L) = Fi{v)). 

We then get 

^^{A,) = 0. (F.5) 

Consider the potential term in 



UJ 



H " ^ 



(F.6) 



Each of the coefficient functions i/^^, Ai diverge as y~'^ near the singular curve. It will 
be important for us that the combination occurring in the potential has a much softer 
divergence (~ y~^) rather than the naively suggested ~ We work this out below, 
and give an explanation of this softening in Appendix |. 
We have 

[l + {K)]{H-')-{A,){A>) = 
'Q\^ dvdv' 



L 



{F{v) - F{v')f 



^0 {x - F{v)f{x - F{v')y 



Q /-Ml + F,F;)dv 



LJo {x-F{v)y 



+ 1 



(F.7) 



We will consider only the curves without self intersection, then the main contribution 
to this integral comes from the vicinity of the point Vq. Let us evaluate the contribution 
from such vicinity to the first integral in ( |F.7| ): 



h 



2 rL rL 



dvdv' 



{F{v) - F{y')f 



^0 {x - F{v)f{x - F{v')y 



2 rL 



dv{F{v) - F{v^)f 



dv' 



L dv{F,{v) - F,{vo)) dv'{F,{v')-F,{vo)) 



2 , «^ ' 



f + (F{v)-F{vo))^Jo f + (F{v) - F{voW 
L dv{F{v) - F{vo)f 



dv{v — vq) 



-2 



l^(^o)P 



[Jo f + (F{v)-FivoW. 



(F.8) 
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The integral in the square brackets behaves as log(y^), and thus the leading asymp- 
totics for Ii is 



l»l \LJ |j5(.„„)|-'o {F(v)-F{vo)) 

In the same fashion we will get the asymptotics of the second integral in ( |F.7|) : 



/. = ^r^i±5^^^ +0(1.1-) (F.io) 

lJo {x-F{v)y \y\ ^' ' ' ^ ^ 

C2{vo) = ^(l + |^(^^o)r)^7^ (F.ll) 
^ l^(^o)| 

Thus we find that the expression ( Jl*'.?! ) behaves near the singularity as 

[l + {K)]{H-')-{A,){A,)r^^ (F.12) 

(with C{vo) > 0.) 

To analyze the equation ( [F.2|) we will also need the asymptotic behavior of Ai, which 
can be easily extracted from ( [E.6D and (|F.1CI|) : 

^ CM^ ^ ^^^^^^j ^ (F.13) 

In the four dimensional space xi, X2, xs, X4 we have a vector y which parameterizes 

a three dimensional subspace orthogonal to F{vq) and coordinate z which measures the 
distance along the curve. The fiat metric can be rewritten in terms of these four coordi- 
nates: 

dxdx = dydy+ \F{z)\'^dz^ = dr'^ + r^[de^ + sin^^rf^^j ^ \F{z)\'^dz^. (F.14) 

Here we have introduced the spherical coordinates r, 6, in the three dimensional space 
of y- 

Then substituting ( [F.12|) and ( [F.13|) into the equation ([F.2|) , we get in the leading 
order in r = y/y ■ y and z: 



^^^-'^^^^^^d.^ + J—d^ I -^d.^ I +r-'dAr%^) + -,Ae,^^ = (F.15) 
^ ^ \F(z)\ KlFizV I 



The variables 6 and (p in this equation separate and we will look for the solution in the 
form: 

^(t, r, z, e, <P) = eM-iut)Yi^{e, 0)$(r, z), (F.16) 
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Let us first consider the case / > 0. In this case in the vicinity of r = we get an 
approximate equation: 

r-^dr{r^dr^) - = 0. (F.17) 

This is a Schroedinger equation with repulsive potential and the particle is reflected from 
the barrier. 

In the case of the S wave (/ = m = 0) it is convenient to introduce a new coordinate 
p = r^/^. Then equation ([F.15|) becomes 

C{z)u^^ - 2iujC3{z)d,^ + p'^d, I -J—d,^ I + p-^dp{p^dp^) = 0. (F.18) 

Assuming that z derivatives of $ are bounded: 

\d^(^\ < Bi\^\, |9>|<52|$|, (F.19) 

we get the asymptotic equation near p = 0: 

p-^dp{p^dp^) + A<l> = (F.20) 

This is just the equation for the three dimensional spherical wave which moves in the 
constant potential. Such a wave reflects from p = after a finite number of oscillations 
and in a finite time. In the next Appendix we estimate the time spent near the singularity 
and show that it is less than (or at most comparable) to the time spent reaching r ~ a 
from the start of the throat. 



G Null geodesies near the singularity. 



In this appendix we will look at null geodesies near the singularity, and estimate the time 
which a particle traveling along such geodesies spends in the vicinity of the singularity. 
To analyze the geodesies we consider the Hamilton- Jacobi equation 



9 



dS dS 







(G.l) 



in the background 
direction: 



We will assume that the particle does not move in the y 



OS 
dy 



0. 



Then the Hamilton- Jacobi equation ( |G.1| ) becomes 

2 



K 



H 



ds_\ ^^d^ds_ as as 

dt ^ dt dx^ dx^ dx^ 



(G.2) 



(G.3) 
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As in the Appendix ^ we will go from coordinates to the coordinates z, r, 6', (f) using 
( P.14|) . We will only study the geodesies which approach the singularity in the radial 
direction. For such geodesies the equation ( p.3| ) becomes:^ 



l + K 



H 



'dS\ 



^ + ^ =0. 



dt 



dr 



(G.4) 



Since coefficients in this equation do not depend on t, the solution has the form: 

S{t,r) =ujt + S{r). (G.5) 

Near the singularity we can use the approximation ( [b'.12| ), which allows us to rewrite 
O as 

OS ^C,{z)+C,{z) 

^"^^^ ^ ' (G-6) 

where Ci{z) and C2{z) are given by 
have: 



and (|F.11|) . For the generic singularity we 



Ciiz) 



L 



L- 



L i^^^^i a? 



(G.7) 



\F{z)\ 

Here we have used (Pi).16| ), ([E.17|) and the definitions of Qi and = Q, Qi = Q- 

From eqn ( |E.16| ) we can see that if Qi ~ Qs, then ~ 1, and comparing ( [l*'.!!! ) with 

( |G.7D , we observe that Ci{z) ^ C2{z) for a <^ Qi"^ ■ 



Equation ( |G.6|) becomes 



OS 
dr 



271 1 QiQ^ 



1/2 



r \ L 



\nz) 



(G.8) 



Integration of this equation gives the expression for the action (|G.5D 

1/2 



S{t,r) = ujt^luj^ 



2ti 1 QiQe 



L 



\F{z) 



(G.9) 



To get the travel time from r = tq to r = we differentiate this action with respect to u: 



At 



sing 



2n rp Q1Q5 
^ \P(z)\ 



1/2 



2 

TT 



27T rp 



1/2 



At 



SUGRA, 



(G.IO) 



'Note that Ai diverges at r = so there may be a residual contribution from the middle term in 



(G.2 ) even though the geodesic is radial to leading order as r ^ 0. We do not expect this to qualitatively 
change the analysis, and so ignore such a potential contribution to (G.3). 
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where 

^tsuGRA = T^ : (G.llj 

a 

is the travel time from the start of the throat to r = a and back. 

To determine the value of L we take the ratio of ( [E.18D and (|E.19| ): 



a 



- \ 1/2 / U \ 1/2 



(G.12) 



At the last step we used the fact that the profiles F and G are related by a simple 
rescaling. Using the expression for a' from (|E.20|) and the effective length for the FP 
system: L' = 2'nn^R' , we get: 

^ ^ 2TcR'gn5 ^ 2Trgn5 ^ 27rQ5 



Substituting this value in ( |G.10| ) and replacing by the average value 



\F\Y' = M, (G.14) 

V V5 



we get 

Ats^ng ^ 2 / TpR 

^tsuGRA vr [{QiQ^y/y 
Taking ro ~ a and using ( [E.27| )and ( [tL).28| ), we get: 



(G.15) 



Since n > 1, we see that the time spent near the singularity is of the order or smaller 
than the estimate /S.tsuGRA- Note that for the metrics ( p.lO| ) we have performed the 
exact computation for the travel time ^tsuGRA (eqn. (p.7|)); this time includes all effects 
of approaching the singularity and returning back. 



H Length of the singularity. 

Consider the FP system, and look at the length of the singular curve in the space x' . We 
assume that the coupling is weak, so that the metric is flat; the location of the string 
will give a localized singularity representing the physical location of the string. From the 
energy of oscillations we get: 

^ = t/ \d\^dy' (H.l) 
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Then the length of the string is 



D' 



where T = Note that equahty is attained only if all the vibrations of the F string 
are in the same harmonic. 

Let us map this to the D1-D5 system, and consider this system also at weak coupling 
so that spacetime is flat everywhere except the singularity. Then we get for the length 
of the singular curve 



D = D'^^^ < 27rViW^^-^ = 2V2- H.3 

rVv ~ rVv R 

We can then write for the 'area' occupied by the singularity in the x, y space 



Area = 27tRD < AnV2VNG^, (H.4) 

where we again note that equality is attained only if all the component strings in the 
microstate are of equal length (this is equivalent to all vibrations being in the same 
harmonic for the dual FP system). 



I Singularity curves having self intersections 



Consider the potential term ( p.6| ) that we found in the scalar wave equation near the 
singular curve of the D1-D5 geometry. We had found that this term was much less 
singular than would appear from the behavior of its individual factors. This softening 
of the singularity was essential for the fact that the wave reflects back in a flnite time 
from the singularity. Let us look at the FP system, and investigate the essential reason 
for this softening as well as the situations where the wave equation may become more 
singular. 

Suppose we have a single strand of a fundamental string oscillating with some proflle 
G{v'). Then we flnd, using (|E.1| ), that 

V = K'{H'-' - 1) - A[A'/^ = (I.l) 

If however we have two strands of the string (whether joined into one string or arising 
from two separate strings) then 

\x' - Gi{v')\^\x' - G2{v')\^ 
which is nonzero unless the proflles Gi{v') and G2{v') are the same. 
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The quantity V differs from the potential (^^) only by terms that are comparatively 
nonsingular. Now consider the multiwound string. If the singular curve it produces in the 
space x' has no self-intersections, then neighboring strands along this curve have almost 
the same profile G{y'). In that case the quantity ( p2D is comparatively regular, and thus 
we see that the softening of the potential in the wave equation can be traced back to the 
vanishing of V for a single strand. 

But if the singular curve has self-intersections, then at the same point in the space 
x' we have strands with quite different profiles Gi{v'),G2{v'). The denominators in ([T^ ) 
now cause V to be large, and the potential in the wave equation is correspondingly more 
singular. 

Since the singular curve is a 1-D hypersurface in the 4-D space x', the generic sin- 
gular curve has no self intersections. But since simple examples may actually have such 
intersections, we examine two such cases in this Appendix. 

(i) The 'unbound state' solution ( |D.2| ) was constructed by superposing two bound 
states, each of which had a singularity on the same circle of radius a. Let us look at 
the dual FP system. Since the rotation was oppositely directed in the two components, 
we find at each point along the singular curve a pair of strands with different profiles 
Gi{y'),G2{v'). Thus each point of the singular curve gives a more singular potential in 
the wave equation than the generic ~ (eqn. ( |F.15|) ). 

We now find that geodesies that go radially into any point with r = 0,^ = 7r/2do 
not return back in a finite time t. The divergence in this time of flight is however only 
logarithmic: if we separate the two components of the D1-D5 solution by a distance 6r 
then the time of flight to the singularity again becomes finite and of order ~ AtcFT log ^■ 
But now note that each bound state in the solution had some mass M, and thus can 
be localized in the space x only to an accuracy \6x\ ~ 1/M. If we set Qi ~ for the 
moment, and work out the effect of this fluctuation, then we find that 

^tsUGRA ~ AtcFT log j (1.3) 

where j is the angular momentum of each of the bound states in the solution. We will not 
explore the meaning of this logarithm further, but just note that such logs have appeared 
before in relating CFT and supergravity quantities 

(ii) As a second example we write down an explicit solution for the single bound 
state where the singularity is a straight line: this will be the limiting case where the 
ellipse in figure |^ degenerates and the angular momentum becomes zero. 

Consider the string of the FP system oscillating in the direction Xi: 

Gi{v') = a' cos(cjt;' + a), G2iv') = G3K) = G^iv') = 0. (1.4) 

Averaging over a in the usual manner we get the classical solution (|C.15| ) with coefficient 
functions 



H- 



\ 



2r 



(r^ — z'^ + + 42;^r^ 



1/2N 



(1.5) 
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■1 1/2^ 



(1.6) 



Ai = 0. (1.7) 

At each point of the singularity we have two differently moving strands of the string 
arising from the two sides of the degenerating ellipse. Correspondingly we find that 
there is a logarithmic divergence in the time of flight to each point on the singularity; 

in addition there is a stronger singularity at the endpoints Xi = ±a since here |G(f')| 
vanishes as well, and so the density of points along the singular curve ( [4.17| ) diverges . 
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